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lica

Solving quadratic equations in one
Lesson (1) .
variable
> Related Links>

(- )

+ Solve quadratic equation in one variable algebraically and

graphically.
+ Distinguish between equations, relations and functions.

g J

[ Remarks ]

@ The equation: a x + b = 0 where a # 0 is called a first degree equation in one
variable which is x

@ The equation: a x> + b x + ¢ = 0 where a % 0 is called a second degree
equation in one variable which is x

\

(general Formula; —b + Vb2 — 4ac

X =
The equation: ax*+bx+c=0 2a J
where a # 0 is of second degree its roots (solutions) gives by the relation

[eampco

Find in R the solution set of each of the following equations:

®x’-5x—6=0

Solution: ~“x?—-5x—6=0 “(x—6)(x+1)=0
~X=6 or x=-—1 ~ TheS.S.={6, -1}

®2x*+7x=0

Solution: ~2x2+7x =0 ~x2x+7)=0
~x=0 or X = _77 ~ The S.S. ={0, _77}
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Mathematica
©4x2-25=0

Solution:  4x2—25=0 ~(2x—-502x+5)=0
5 _ (5 -5
X = or X = ..TheS.S.—{E,7}

Ox*—6x+9=0

Solution: +x?2—6x+9=0 ~(x=3)(x-3)=0
fx =3 - The S.S. = {3}
(zeneral Frormula:
. ) —b + Vb2 — 4ac
The equation:ax"+bx+c=0 X = >
a

where a = 0 is of second degree
its roots (solutions) gives by the relation

[eampce]

Find in R the solution set of each of the following equations:

Ox’—6x-11=0 (given V5 = 2)
Solution: +x?—6x—11=0 —
a=1
... _ ~-btvbZ-4ac
X = 2a b=-6
_ 6+V36-4x1x-11 _ 6+vV80 _ 6+4+5 c=-11
o 2x1 2 2
6+ 45 6—-4V5
Xy = or X, =
2 2
:.x126+4><2:7 or x226—4x2:_1

2

~TheSS.={7, -1}

First Term | Algebra
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Mathematical Deparimen

@®@x’-6x+7 =0 (given V2 ~ 1.4)
Solution: ~x?—6x+7=0 —
-b++Vvb2—-4ac a=1
oy =
2a b=-6
_6+V36-4x1x7 _6+V8 _ 6+2v2 c=7
o 2x1 o2
6422 6—2+2
X1 = 5 or Xy = .
R xl ~ % — 2.2 Or xz ~ # — 1.6
~ TheS.S.={2.2, 1.6}

©x—>=3
X
Solution: =+ x —= =3 multiply by x
v x%2—5=3x W x2=3x—-5=0 Pr—
.. _-bxvbZ-4ac 4=1
= 2a b=-3
_3%V9-4x1x-5 _ 3++29 c=—8
n 2x1 2 -
3 ++/29 3 -+29
X1 =" or Xy =—
.'.TheS.S.:{SH/Z_g,B_\/Z_g}
2 2
O x*—2x+6=0
Solution: ~x*—-2x+6=0 Y —
a=1
-b++Vvb2—-4ac
VX = — b=—2
oy = 2EVEZAXANE _ 2%V=20 c=6
2x1 2
~TheS.S. =0

First Term | Algebra
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PRACTICE (1)

=] (=] (=] ]

1: Solve the equation 4x? + 40x + 40 = —60 by factoring.
q ¥ g

I

A==

Y= erXx-=325

x=-—10rx=—25

=
I
tn

Q2: Solve the equation 2(x + 1) + 5(x + 1) = 0.

7
X——].,.k,-——'-z-
5
X=—1,x=—=
Sy
Y
o 2
b e |
e 5
TN 2
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E {-9,-10}
B | {10}

¢ | {-9,-8]
D 9,8}
B 9

Q4: Find the solution setof (x + 97 =(x+ N in R.

When solving the quadratic equation in one variable,

there are three cases:

@ The parabola intersects
the x-axis at two points

@ The parabola touches
the x-axis at one point

® The parabola does not
intersects the x-axis

)'
A

(7.0) M., 0)

:

1

V
i

o
X (,0) X
Y
Y

v
A

\J
.\.‘

There are two solutions
for the equation in R.

The solution set = {I, M}

There is a unique
solution for the equation
in R.

The solutionset={ 1}

There is no solution for
the equation in R.

The solution set = @

Remember that:

The coordinates of the vertex of the quadratic equation:

ax’+bx+c=0is

(% )
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PRACTICE (2)

Q1: Solve the equation —x? + 7x +1 = 0.

m —7+y53 7- v'_

2

Q2: Find the solution set of the equation 3x2 — 2 (7 — x) = 0, giving values to one decimal place.

@ {1.9, 2.5}

119,25}

@ £3.7, 5.0}
@ {-3.7,—5.0}

=

Q3: Find the solution set of the equation x* — 8x — 2 = 9x + 8, giving values correct to three decimal

places.

{17.569, —0.569}
£0.569, —17.569}
{8.785, —0.285}
@ {0.285, —8.785)

_ S s First Term | Algebra
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| EEERCN |

Find the S.S. of each of the following equations graphically , then check the

result algebraically:
(1) x*—2x—1=0takex €[-2, 4]
Solution
(x) = x2—-2x—-1

x |-2|/-110|1|2]|3 |4

fo) 7212127

A&Y

—b + Vvb% — 4ac
S
2a
_2+V4-4x1x-1 _ 2++8
N 2x1 2
x, =222 o1 V2~ 24

orx, =22 1 _\7~_04
-~ TheS.S.={2.4,-0.4}

x> +x-6=0
Solution
fx)=x*+x — 6
The coordinates of the vertex:
b -1

T 2a 2

/=) +(2)-o=—s!

x |3[-2[1]2[o1]2
2
fx)| 0[-4[-6[_gL -6 -4/0
4

~ TheS.S.={2,-3}

First Term | Algebra
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PRACTICE 3)

Q1: Consider the graph:

The roots of a quadratic can be read from the graph. What are they?

sketchof y = —x2 —x + 6.

¥
A

e

1 Q2: Solve —x? — x + 6 = 0 by factoring, and hence determine which of the following figures would be a

A

> X

A

First Term | Algebra
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Solving Quadratic Equations in
1-1 One Variable

First: Multiple choice:

@ The equation: (x— 1) (x+2)=01sof: degree
(A) First (B) second (C) third (D) Fourth
@ The solution set of the equation x> =xinRis: ...
(A) {0} (B) (1} ©) 1,13 (D) {0,1}
@ The solution set of the equation X** +3 =0 Ris: ...
A3 Bl-v3)
© 3} @) ¢
@ The solution set of the equation x> —2x—=-1inRis: ...
&) -1} (B ¢
©) 1,13 (D) {13
\
@ The figure opposite represents the graph of the \ n“ ,/
curve of the quadratic function f. The solution set \ : /
of the equation f(x)=01s: : /
&) (23 (8) {43 /
©) ¢ (D) 2,43 Y
¥ -F 4 3 12 Ho F
Second: Answer the following questions: -
@ Find the solution set of each of the following
equations in R:
(A)x2-1=0 (B)x2+3x=0 (€) x—ay=0
(D) x2-6x+9=0 (E)x2+9=0 (F)x(x+ Dx-1)=0

_ @Wﬁ First Term | Algebra
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@ Each of the following graphs illustrates a quadratic function. Find the solution set of the

equation f(x) = 0 in each figure .

(A) (B) (©)
}ah Ak 7 /;‘:{L
X 7 Db
“} 7 T2 T K b
< NP > « - / ;'_. \
S-4p-pH Y 210 | P 3 4y :

Find the solution set of each of the following equations in R then, and verify the result

graphically:

(&) 2= 3440 (B) 22 =3_5x
(c)6x2=6-5x (D) (x—3)2=5

(E) +2x=12 ':F]lxz—%le

@ Solve the following equations in R using the general formula then approximate the

result to the nearest tenth.

(A)32-65=0 (B)x2_6x+7=0
() x2+6x+8=0 (D) 2x243x-4 =0
(E) 542—3x-1=0 (F)3x—6x-4=0

@gﬂgﬁg First Term | Algebra
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ca

Numbers: If the sum of the whole consecutive numbers ( 1+ 2 + 3+ ...+ n)is given by

the relation S = % (1+n), how many whole consecutive numbers starting from the

number 1 and their sum equals:

(A)78 (B) 171

(c) 253 (D) 465

@ Each of the following figure shows the graph of a quadratic function in one variable.

Find the rule of each function.

3
-

™ ® <
\ 21& l )3“ }31\\ /
\‘ = / Lo =
) R N, A /
T4 13 1 : ﬁ; J ‘\ . - 9
WEE, ) N ABEERY:
= { - \ /
\ 2 / 2 \\ =
2
: J N
[

-
-
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Mathematical Departme

First Secondary

[ Lesson (2) ][ An Introduction in Complex Numbers ]

> relsedines )

# |dentify Equality of two complex numbers.

# Explain Operations on the complex numbers.

[ Imaginary numbers ]

The imaginary number "i" is defined as the number whose square equals (—1)
Y
le.1"=-1

For example: 2i, -3i, V30, c.ccco....... _ 1_ . _
Write the power 2=
Notice that ] on your calculator 3 _ 3= _j
L ) 4
l - i2 - 1
+V—-3=v3i2=+/3i 2 _
; No fraction =1
Integer powers of i w
Qi'=i ®i‘=-1 ©i’=—i 0i'=-1
®i4n+1:i ®i4n+2:_1 ®i4n+3:_i @i4n:1
Example @ J . L :
[-'.- Find each of the following in the simplest form:
0= e i o’
6 i-23 @ i-35 9 i-54 @ i4n+25
Solution
Qi°=i=—j @i =i=i
0 =i’=-i

Oi*=—i*=-PP=—(-i)=i

-4n + 25 -25 -1
Oi - =

First Term | Algebra
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[ Complex number ]

Complex number

The complex number is the number which can be written in 1 + bl
the form "a + bi" where a and b are real numbers. ?iﬂ' 'mfz:ﬁm
| Eme |
Solve each of the following equations:
O 5x% + 245 = 0 ®3x* +27 =0
® 9x? + 125 = 61 O 4x* + 100 = 75
Solution

O5x% +245 =0 ®3x2 +27 =0

5x% = —245 3x% =27
L2 —-245 o __27
X _—5 SoXe = 3
s x? = —49 ax=+V-49 |~ x?=-9 nx=1V-9
o X = +V49 i? x=+7i nx =+V9i2 ax =43
® 9x? + 125 = 61 O 4x% + 100 = 75

9x2 = 61 — 125 ~ 4x% =75 —-100

9x% = —64 % 4x% = —25
_-.xzz__64 x:i __64 ...x2=—_25 °.x=i __25

9 9 4 4
x=+ 22 Ax=tDi cx =1 |22 ax =42
9 3 4 2

First Term | Algebra
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PRACTICE (1)

R s =
B %SG
(¢ | x =520, x = —52i
F X V2, " N
L ey
?x—six— 51‘:
L T ah T

Q1: Solve the equation 2x? = —50.

Q2: Simplify 17i(—5i).

Q3: Simplify (2i)%(=2i)°.

32
@ —32i
4
@ —4
32i

Q4: Solve the equation x* = —16.

Al x=-8

B X =30k ==
F x=4i,x =-41
D|x=ix=4
E|x=4x=-4

First Term | Algebra




First Secondary froses o e e ]3\ | 2021-2022

"viti‘! er ilica

(Equality of two complex numbers:

Two complex numbers are equal if and only if the two real parts are equal and
the two imaginary parts are equal.

d and vice versa.

If:a+bi=c+dithen:a=candb

| EEERCN |

Find the values of x and y which satisfy each of the following equations:

O (2x+1)+4yi=5-12i O2X—y+(X—2y)i=5+Ii
©2x-3+@By+1)i=7+10i O3xi+5-3i-2y=2-i
Solution
O (2x+1)+4yi=5-121i O 2Xx-y+(XxX—2y)i=5+i
~(2x+1)=5 & 4dy=-12 |.(2x-y)=5 & (x—-2y)=1
Z2x=5_1=4 y="22 By using calculator:
4

Py =92 y=—3 Modd - EQN - [1]

LX=3 y=1
® - 2x-3+@By+1)i=7+10i O 3Xi+5-3i—-2y=2-i
~(2x-3)=7 & @By+1)=10 ~(Bx-3)=-1 & (b-2y)=2
~2x=7+3=10 3y=10-1=9 |~3x=-1+3=2 -2y=2-5=-3
~X=5 =3 Lx=2 e

y “X_3 y_Z

First Term | Algebra
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QOperations on complex numbers

| Eoma |

Find in the simplest form the result of each of the following:

O (7-4i)+(2+1)) M (12 -5i) - (7-9i)
® (2 +3i) (3-4i) O (4-3i) (4 +3i)
® (5-6i) (3+2i) O (-2i+5)(3+20)
@ (4-3i) (5-2i) ® (3i—-4)(2+3i)
Solution
O (7-4)+(2+i)=9-2i ® (12-50)—(7-9i) =5+ 4i
N

®(2+30)(3-4)=6-8i+9+12=18+i
A A

O (4-3i)(4+3)=16+9=25

m
® (5 6i) (3 + 2i) = 15 + 10i — 18i + 12 = 27 — 8i
A

m
O (-2i+5) B+2)=-6i+4+15+10i=19 + 4i
A A

@ (4-3i) (5-2i) =20-8i—15i — 6 = 14 — 23]
A A

O
© Bi-4)(2+3i)=6i—-9-8-12i=-17—6i
A

First Term | Algebra
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PRACTICE (2)

Q1: Simplify 14 — (9 — 8i) + (3 — 12i) — (9 — 4i).

A | 35— 24
B =1

| 21— 24
D] 316

Q2: If the complex numbers 7 + ai and b — 3i are equal, what are the values of a and b?

I a=3,b=-7

? a=-3,b=-7

? a=7,b=-3

(D] a=-7,b=73

(E] a=-3,b=7

Q3: Whatis(—7—10) — (3 —4i}+ (2 — 7i)?
(A ] —2—12i

(5] —6+2i

(¢] —12 + 108

(D] —8—4i

- o First Term | Algebra
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Mathematical Departme
(Conjugate (Numbers:

The two numbers a + b i and a— b i are called conjugate numbers.

For example: 4 — 3i and 4 + 3i are two conjugate numbers.

[eempeo ]

Find in the simplest form, the value of each of the following:

4- 6i 26 3 —i 3+ 4i
: ‘9 . (3] : (4 -
2i 3—2i 2—i 5—2i
Solution
v N
4-6i @A-6i) i 4i+6 .
(1 = X —= =-3-2i
2i 2i i -2
26 26 3+ 2i) 78 4+52i 78+52i .
® . = _ == — = 3+ 2
3-2i (3-21) 3+ 21i) 9+4 13
3-i_ (3-1) (2+i)_6+3i—2i+1_7+i_7+1l
2—-i (2-1) @2+ 4+ 1 5 5 5
o3+41_(3+4i) (5+2i) 15+ 6i+20i—8  7+26i _ 7+26i
5-2i (5-2i) (5+2i) 25 + 4 29 29 29
Examle@ J
Find the values of x and y which satisfy the equation:
@+)E-i) _ i
3+4i =X+1y
Solution
+)(2-i) 4+1 5 5 (3—41)_15—20i_15—201_§_§i
3441  3+4+4i 3+4i (3+4i) (3—-4i) 9+16 25 5 5
C a3 o X
..x_5 LYy = =

First Term | Algebra
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PRACTICE 3)

Q1: Expand and simplify (4 — i)(3 + 2i).
14 4 5i
12 4 3i
12 — 2i

12+ 71

=]=] o] =] (=]

10 + 5i

Q2: Multiply (—3 + i) by (2 + 5i).

—6 + 5i
(8] —6-18i
1313
@ —6—8i

11 — 13

Q3: Simplify (3 — 6i)2(2 — i).

(A ] —15i

(5| —25- 237
(¢ ] 8—11i
(D | —90— 450
5 | =7 a5

Bl =

i First Term | Algebra
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PRACTICE 4)

Q1: Simpl 1fy —

3410
(3-10)

T
(3-1i)

B

B

—5 -+ Bl

|

|

27 — 54i

|

3+ 54

s)

|

o]

—9 +18i

|

—185—9i ;
Q2: Put Tl in the form a + bi.

Q3: Simplify >—%.
%+ %!
B
-
i3
34
- 5 e First Term | Algebra
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Complex Numbers 1-2

@ Simplify:

(A) jss B)i® (C) jar2 (D) j#n-1
(2) simplify:
A)yTmx/1z2 (B)3i¢20) ©)4i)61) (D) 23302

@ Find in the simplest form:
(A)3+2i)+2-51)) (B) @26-4D)—9-20i) (€) (20+25i)—(9-201)

@ Rewrite each of the following in the form a+b1
(A) 2+31)—(1-20) (B) (1+2i%) 2+31°+4i%

@ Rewrite each of the following in the form a+b 1
A)__2 B) _4+i C) _2-3i p) _ G)G-)
@ 1+ E i © 341 ©® 3-4i

@ Solve each of the following equations:

(A)3e+12=0 (Blay+20=0 (€)a2+72=0 @J%yhlszo

@ Electricity: find the total current intensity of the electric current passing through two

resistances connected in parallel in a closed circuit if the current intensity in the first

resistance 1s (4 — 21) ampere and 1n the second one 1s 6?*—311 ampere

First Term | Algebra
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Determining the types of roots of a
[ LEERTT () ] quadratic equation

Lesson objectives

> Related Links >

#+ determine the type of the two roots of the quadratic
equation

Discriminant A = b —4 ac

A
( A
+ ve -ve Zero
The equation has two|The equation has two | The equation has two equal
different real roots complex roots real roots

[eamco]

Investigate the kind of the roots of the equation.

Ox2—-2x+5=0
®3x2 +10x—4 =0

Ox?—-—2x+5=0

@x2-10x + 25=0

“A=b?-4ac=(-2))—-4%x1x5=-16
=~ The equation has two complex roots

@x%2—10x + 25=0

wA=b*-4ac=(—-10)2—-4x1%x25=0
~. The equation has two equal real roots

®3x%> 4+ 10x—4 =0

“A=b%*-4ac=(10)2—-4x3x—4 =148
= The equation has two different real roots

@x? +2x+2=0

@x:2+2x+2=0
Solution
a=1 b=-2 c=5
a=1 b=-10 c=25
a=3 b=10 c=-4
a=1 b=2 c=2

vA=b%?-4ac=(2)>—-4x1x2=—-4

=~ The equation has two complex roots

First Term | Algebra
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Mathematical Depart
[eempee]

If the two roots of the equation: x? — kx + 2k —4 x + 5 = 0 are equal.

Find the real value of k and hence find the two roots.

Solution
x°— kx+2k—4x+5=0 a=1 b=—-k—-4 | c=2k+5
> The two roots of the equation are equal ~A=0
“A=b%?-4ac=(-k—-4)>—-4x1xR2k+5)=0
~k?+8k+16-8k-20=0 ~kKP-4=0
2 k=4 s k=4V4 = £2
Ifk 2 Ifk——2
wx?—kx+2k—4x+5=0 wx?—kx+2k—4x+5=0
wx? = (2)x+2@2)—4x+5=0 |ox?— (-2)x+2(-2)—4x+5=0
X2 —6x4+9=0 Lx?2—=2x+1=0
Sx =3 .'.x=1

ax’+bx+c=0

Let the two roots L and M:

Sum of roots = _ab = _C::]f,{ }; ;’i ~ | Product of roots = § = C’;’:fefT::;
1. Additive inverse. (L,—-L)
2. Multiplicative inverse. (L,% )
3. Double (twice). (L,2L)
4. Three times the other. (L,3L)
5. Exceeds the other by 3. (L, L+3)

First Term | Algebra
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Mathematical Depariment
[ Example © J

Find the sum and product of two roots:

®2x* +3x-5=0

b -3 -5
Sum of roots = — =5 Product of roots = 2 =

@3x*? +5 =4x
3x2—-4x+5=0

-b 4 C

Sum of roots = — = - Product of roots = < = 2
a 3 a 3

®3x2-12x-17 =0

-b 12
Sum of roots = -

— =4 Product of roots = < = _T”

feampeo]

Find the value of g which make one of the two roots of the equation:
x% + Bx — 50 = 0 twice the additive inverse of the other root.

Solution
L et the two roots be: L and —2L
~» Sum of roots = _Tb = _TB =—f » Sum of roots (L & —2L) = —L
#—B=-L ~ B =L
* Product of roots = § = _TSO = —50 - Product of roots (L & —2L) = —2L2
~ —50 = —22 ~12=25
. B*=25 ~B=+V25=1+5

First Term | Algebra
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[Eanp:o]

If (a — 2) x*+ (a + 1) x = 6, then find the value of a in each of the following:
1) The sum of its roots is 3.
i1) The product of the two roots is — 6.

Solution
v(@a—2)x+@+1)x=6 ~@-2)¥+@+1)x-6=0
1) The sum of its roots is 3.
= Sum of roots = —= = ~@* — 3
a (a-2)
~3@-2)=—(a+1) ~3a-6=—a-—-1
~3at+ta=—1+6 ~4a=5 na=2

i) The product of the two roots is — 6.

.+ Product of roots =< = —%_ = _¢
a (a-2)

~(@-2)=1 ~a=1+2 ~a=3

feampeo]

Find the satisfying condition which makes one of the roots of the equation:
a x?> + b x + ¢ = 0 equal the additive inverse of twice the other root.

Solution
Let the two roots be: L and —2L
-+ Sum of roots = -b_ —L ~ L= b
a a

-+ Product of roots = g = —2]2

C b\ 2 C 2 b2 2 b2
1= 2(3) faT T heE T
~ac=—2b? ~ac+2b°=0 The require condition

First Term | Algebra
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PRACTICE (D

Q1: Given that m is a real number, and the equation (4m + 8)x? — 4mx + m = 0 does not have real roots,

find the interval which contains m.

(=] (=] [=] (=] [>]

=

) JSmmes First Term | Algebra
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S oid
d

Determining the type of roots of a
1-3 Quadratic equation

First: Multiple choice:
@ The two roots of the equation x> —4x+k =0 areequal if:
(A k=1 B k=4 (©) k=8 D k=16

@ The two roots of the equation x*> — 2x + M = 0 are real different if :
(AM=1 BIM<1 (©)M>1 (D) M=4

@ The two roots of the equation L x*> — 12x + 9 = 0 are complex and notreal if :
A)JL>4 B)L<4 (©)L=4 (ElL=1

Second: Answer the following questions:

@ Determine the number of roots and their types in the following quadratic equation:

(A) 2-2x+5=0 (B) 3x2+10x-4=0
(€)x-10x+25=0 (D) 6x2— 19x+35=0
(B) (x-11)-x(x-6) =0 B @-DGE-1=2@-3)x-9)

@ Find the solution of the following equations in the set of complex numbers using the

general formula.

(A) x2—4x+5=0 (B) 22+ 6x+5=0
() 32-7x+6=0 (D) ax-x+1=0

S s First Term | Algebra
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@ Find the value of K in each of the following cases:

| AJIf the two roots of the equation x>+ 4x + K = 0 are real different.

@ If the two roots of the equation x> — 3x + 2 + == = 0 are equal.

L
K

® If L. and M are two rational numbers, then prove that the two roots of the equation:

L x>+ (L—M) x — M = 0 are two rational numbers .

Population of Egypt in 2013 1s estimated by the relation:
Z =n%+ 1.2 n+91 where (n) is the number of years and (z) is the number of populations
i millions.
[_A:, Wihiakinihe population 208 2 cccsvamemesuennnssnsasssms
EB:} Bstiviate-thepopulapesan2028. 2 v s e e
@ Estimate the number of years at which the population will be 334 million. ...
IEJ Write a report showing the reasons for which the population is increasing and the

way of its treatment.

@ Discover the error: What is the number of solutions of the equation 2x> -6 x=5in R

Ahmed's answelj N E(arim's answer
b 4ac=(-6>—4x2x5 b —4ac=(-6>—4x2(-5)
—36 -40=-4 =36+40 =76
The discriminant is negative, then there is the discriminant is positive, then there are
\ 110 real solutions ) \_two real different solutions )

If the two roots of the equation x> + 2 (K - 1) x + (2K + 1) =0 are equal, then find the

real values of K , and the two roots.
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Relation between the Two Roots of

[esson o )

the Second Degree Equation and the
Coefficients of its Terms

Lesson objectives

> Related Links >

(4

equation.
#+ Find the product of the two roots.

\ equation

Find the sum of the two roots of a given quadrati)

+ Find a quadratic equation in terms of another quadratic

_/

x> — (sum of roots)

X + product roots =0

| EEERCN |

Form the quadratic equation whose roots are:

(i) 2, -3 (ii) 6i , —6i

—2+2i -2—-4i
1+i ' 2-i

(iii)

Solution

(i) 2, -3
-+ Sum of roots = —1

> Product of roots = —6

=~ The equation: x? +x—-6=0

e —2+21 —2-—41
{D); —, .
1+1 2—1
—2+2i _ (-2+2i) _ (1-1)
1+i  (1+10) (1-1)
—2+2i+2i+2 4i .
= =—=2i
1+1 2

» Sum of roots = 0
> Product of roots = 4

=~ The equation: x> +4 =0

(i) 6i , —6i
~» Sum of roots = 0

> Product of roots = 36

-~ The equation: x> +36 =0

—2-4i _ (-2-4i) _ (2+1)
2-i  (2-1) (2 +1)
-4-2i-8i+4 -10i .
= = = —2i
4+1 5

=
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PRACTICE (1)

Q1: Find, in its simplest form, the quadratic equation whose roots are 8y11 and —v/11.
x?—-7V11x—-88=0

x24+7W11x—-88=0

x2—7x—88=0

x2—7y11x+88=0

(=] (2] [=] {=] (»]

—88x* —7V11x —88=0

Q2: Find, in its simplest form, the quadratic equation whose roots are m + 3n and m — 3n.
¥ —I2mex+m -9t =0

X242x+m? -9t =0

x2 —6nx +m?—9n? =0

X2 —2x+m+9nt =0

ENEEENE

X2 —2mx+m?—3n2=0

13
Q3: What is the simplest form of the quadratic equation whose roots are — and g-?

6x%+29x —65=10
6x%+49x +65=0

2x2 —3x—65=0

=)o) =) (2]

6x% —49x + 65 =0
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[J ( Procedure \

If a, B are the roots of the equation xX°~ 6 x + 10 =0 b
Form the equation whose roots are: Qa+ = — = 6
Aa+2, f+2 b) a?, B> ¢
a’p Ba o + B% =6%—2(10)
Solution 5

2+ B2 =16
\_ _/
@a+2, f+2

~Thesumofroots=(a+2)+(B+2)=a+ f+4=6+4=10

 The productofroots=(a +2)(B+2)=af +2a+ 20+ 4
—af+2(a+ B)+4=10+2x6+4=26

-~ The equation is: x> —10x+ 26 =0

(b) o*, B2

» The sum of roots = o + B% = 16
*» The product of roots = a? x B? = (a f)? = 10%2 = 100
=~ The equation is: x> — 16x + 100 =0

1 1
(C);,E
. _1,1_B+a__6 _3
.ThesumofrootS—a+ﬁ— “F — 103
-1 _1_1
-+ The product of roots = — X =25 10
» The equation is: x2 —=x + — =10 x 10 10x2—6x+1=0
a B
2 2
~Thesumofroots =2+ £ =2+ P _16_38
B« af 10 5
- The product of roots:% X gz
:.Theequationis:x2—§x+1=0 X 5 55 —8x+5=0

First Term | Algebra
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If L & M are the roots of the equationax*+bx+b =0

Prove that + = + 1 = 0 and form the equation whose roots are % %
Solution
sL+M=22 cLM=2
a a
1, 1M+l . _zb.b_ _ RES S
v —(L+M)T(LI\/I)—a F-=-1 wrt—+1=0
« Thesumofroots == 4+ — =24t = 1
L M ) LM1 .
~ The product of roots = - Iy L= =2
L aM LM b
=~ The equation is: x? + x + -=0 X b
~ Theequationis:bx*+bx + a =0
[eempeo]
If the ratio between the two roots of the equation:
x> +ax+b=0equals2:3provethat: 25 b =6 a°
Solution
Let thetwo rootshe:2 a & 3 a
» The sum of roots = _Ta = —a wSumofroots=2a+3a=5a
a
~ba=—a “la=—
 The product of roots=-=Db ~ Product of roots =2 a x 3 a = 6 a?
2
. 2 _ . _2) =
~ba*=b ..6( 5) =b
2
~6X —=b ~25b=6a’

First Term | Algebra
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[J ( Procedure \

If L, M are the roots of equation: ODL+M=—2=22__9
a 1
3 - 2 x— x*= 0 Form the equation whose OLM=C =3 _3
1 1 a 1
Rootsare L + -, M+ - 12+ M2 = (=2)2 — 2(-3)

Solution ® L2+ M2 =10

3-2x—x*=0 = X*+2x-3=0 \ J

*» The sum of roots :(L+ﬁ)+(M+%)= (L+M)+(ﬁ+%)

L+M -2 4
:(L+M)+(LM)=_2+(—_3)=§
_ 1 1\ _ L
.Theproductofroots—(L+M) (M+L)—LM+1+1+LM
= 3+1+1+—=-1
-3 3
=~ The equation is: x? —%x—gz 0 X 3

~ The equationis:3x*—4x—4 =0

| EEERIN |

If (1 + i) is one of the roots of the equation x* — 2x + a = 0 where a € R*
then find: (A) The other root (B) the value of a

Solution
Let the other root be: L

-.-Sumofroots:§:2 ~(l+)+L=2

2 L=2-(1+)=(1-1) ~ The otherroot=(1-i) - (A)
-+ Product of roots = % = a ~l+i)(1-i)=a

~1+1=2a La=2 - (B)

First Term | Algebra
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PRACTICE (2)

Q1: Given that L + 3 and M + 3 are the roots of the equation x? 4+ 8x + 12 = 0, find, in its simplest form,
the quadratic equation whose roots are L and M.

X2+ 17x+34=0
E] 24 14x +45=0
x2—17x+31=0
(D] x2—17x+19=0
X2 4+17x+19=0

Q2: Given that L and M are the roots of the equation x2—2x+5=0,find, in its simplest form, the
quadratic equation whose roots are L* and M2,

x2+14x+25=0
x2+8x425=0
x2—6x425=0
x> +6x+25=0

x2—6x+10=0

(=) (&) () (=] (%]

Q3: Given that L and M are the roots of the equation x?—3x+12=0,find, in its simplest form, the
quadratic equation whose roots are é and % .
x2—15x+1=0

144x% —15x +1=0

144x2 4 15x 41 =10

E] 144x2 +5x +1=0

144x2 —15x —1 =0
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Q4: Given that L and M are the roots of the equation x* — 13x — 5 = 0, find, in its simplest form, the
quadratic equation whose rootsare L+ 1 and M + 1.

Al x2—15x49=0
xX2—11x+9=0
x2+15x4+9=0

X2 —15x+8=0

(=)o) [a][=][7]

x2+11x+8=0

1 1
Q5:If L and M are the roots of the equation x? 4 20x + 15 = 0, what is the value of T E?

E] —35

[©) 3
2] 3
()3

Q6: Given that L and M are the roots of the equation 3x? — 6x + 7 = 0, find, in its simplest form, the
quadratic equation whose roots are L + M and LM.

32+ 7x—6=0
@ 3x2 +13x+14=0

3x2 —6x+7=0

35 P First Term | Algebra
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Q7:If L and M are the roots of the equation x% — 19x + 9 = 0, find, in its simplest form, the quadratic
equation whose rootsare L — 2 and M — 2.

x2—23x—25=0
[B] x®—23x+32=0
x2—15x—25=0
(D] x2—15x+32=0
x2+15x—25=0

Q8: Given that L and M are the roots of the equation x? + x — 2 = 0, find, in its simplest form, the
guadratic equation whose roots are I2 + M and M2 + L.

xS
X2 +4x—5=0
x2—4x—5=0
¥ —4x+9=0

2 4+x—5=0

£ =0 EE

Q9: Given that L and M arc the roots of the equation 3x> + 16x — 1 = 0, find, in its simplest form, the

; : L M
quadratic equation whose roots are — and

7 43
1222 —32x —1=0
(B s2+32x—1=0
12x2 +32x+1=0
(D] ¥-32¢—1=0
1222 +32x —1=0
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The relation between two roots of the second

1 a 4 degree equation and the cofficients of its terms

First: Complete each of the folowing:

@ if x =3 is one of the roots of the equation x>+ Mx—-27=0,then M= ... ... and
the otherrootis ... .

@ If the product of the two roots of the equation : 2 x> + 7 x + 3 K = 0 equals the sum of
the two rootsof the equation: x* — (K+4d)x=0,then K= .o

@ The quadratic equation which each of its two roots increases 1 than each of the two roots
of the quadratic equation x> -3 x+2=01s

@ The quadratic equation which each of its two roots decreases 1 than each of the two roots of

the quadratic equation x> -5 x+6=01is . .

Second: multiple choice

@ If one of the two roots of the equation x*> - 3 x + ¢ = 0 is twice the other, thenc=
(A) -4 (B) -2 (€)2 (D)4

@ If one of the two roots of the equation ax? — 3x+ 2 =0 is the multiplicative inverse of the

other ,then a =

of ®)1 ©>2 )3

@ If one of the two roots of the equation x>~ (b — 3) x + 5 = 0 is the additive inverse of the

other, then b =

(A)-5 B)-3 (©)3 (D)s

Third : Answer the following questions

Find the sum and the product of the two roots in each of the following equations:
(A)32+19x-14=0 (B)42+4x—35=0

@ Find the value of a , then find the other root in each of the following equations:

(A)If:x=-1 is one of the two roots of the equation o . = | S
Y ; :
@, I x=2 1s one of the two roots of the equation ax’~5x+a=0 .

S s First Term | Algebra
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Find the values of a and b if:
@W 2 and 5 are the two roots of the equation x> +ax+b=0
th__J' -3 and 7 are the two roots of the equationax*-bx-21=0

— _
(€) -1and % arethe tworoots of theeguation d X —x+b=0 e,

D) /3iand - /31 are the two roots of the equation X2+ axX+D =0
q

@ Investigate the type of the two roots in each of the following equations, then find the
solution set of each equation:

(A) 2+2x-35=0 (B) 2x2+3x+7=0
/'_"'\ ---------------------------------------------------------------------------------- r’_"\ T
Clx(x—4)+5=0 \D ) 3x(3x—-8)+16=0

Find the value of ¢, if the two roots of the equation 3x* — 5 x + ¢ = 0 are equal, then find

the two roots.

@ Find the value of K, if one a root of the equation x> + (K- 1) x — 3 = 0 1s the additive

mverse to the other root.

Find the value of K, if one root of the equation 4 K x>+ 7 x + K? + 4 = 0 is the multiplicative

inverse to the other root.

@ Form the quadratic equation whose two roots are :

(A)-2,4 (B)-515i 2.3

Find the quadratic equation in which each of the two roots is twice one of the roots of

the equation 2x> —8x+5=0

@gﬂg@ﬁ First Term | Algebra
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Find the quadratic equation in which each of the two roots exceeds 1 than one of the two

roots of the equation : x> -7x-9=0

Find the quadratic equation in which each of its two roots equals the square of the

corresponding root of the equation : x*+3x—-5=0

@ If L. and M are the two roots of the equation x*> — 7 x + 3 = 0, then find the quadratic

equation whose roots are:

PR

(A)2L.2M B)L+2,M+2 (c)22

%,M (D)L+M.LM

First Term | Algebra
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[ Lesson (5) ][ The sign of the function ]

> Related Links >

#+ Investigate the sign of constant function.

+ Investigate the sign of linear function.
+ Investigate the sign of quadratic function.

The constant function F(x) = ¢ where ¢ # 0

So, the sign f (x) is like the sign of c. forallx e R
For example:
(DFX)=7 ~f(x)is+veforall x € R
(2) F(x) = -3 ~f(x)is-veforallx e R
MI The linear function F(x) =ax+b wherea=+ 0
Letax+h= 0, then x = —_b _? Opposite sign of a I As sign of a ?

a ~b
[eempeo]
Determine the sign the function:
OFX)=2x-6 @FX)=1- 2x

Solution
OFX)=2x-6 @FX)=1- 2x
Put: [2x-6=0 Put: |1— 2x=0
£ 2x =6 Lx=3 2 2x =1 .-.ng
++++++ -
———————— +++4+ 44
< | > < I >
3 1
+ve atxe]3, oo + ve atxe]—oo,%[
f(x) zero atx=3 f(x) zero atx= %
—ve atx€e]—oo, 3| — Ve atxe]%,oo[
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The quadratic function F(x) =ax*+ b x + ¢

If: b~ 4ac>0

(two different real roots) {« , £}

—o  Like the sign of a Opposite the sign of a ? Like the sign of a oo
< | |
a p
\ 'IIIJI. / Ilih
) L\i/m T . 7 3 Y g
L 4 ‘I{ v
o SR _ N _
Sion of fix) “|.1:I$ a sgn a;f:];f coefficient (2_, s nc;igfzgi]:ﬂtc-zrfte}::n the k‘gj ;-,_;}f;l::l?::t .-I,:f:i@
P L M
Case (2): If: b°—4ac=0 (equal roots) {a}
—C0 Like the sign of a Like the sign of a 00
S | >
a=/pf
” "
f 4
" L :
2 D/ y
: IJj'l L :{ v
If:a>0 If:a<0
A =0 vixAlL, Axy< 0w x#L,
fix)=0whenx=L fix)=0whenx=L
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Case (3): If: b~ 4ac<0 (no real roots)
—co Like the sign of a o0
v ¥
A f 1
X
- 8] -
= 5 .r:—
L | ]
If:a>0 If:a<0
fx)>0vxeRr fix)<0vxeRr
Exampic @ e .
[ Determine the sign the function:
OFX)=x%+ 2x—3
Solution
Put: x>+ 2x—3=0 x =1 or x = =3
—00 @ _____ @+++++++++ 00
< +++++++++| | N
-3 1

+ve atxeR-—-[-3,1]
F(x) zero atxe{-3,1}

—ve atxe]-3,1]

First Term | Algebra
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@FX)=x2—-3x+5
Solution
Put: x2—3x+5=0 (two comples numbers)

el e el e el e, e e

f(x) is +ve foreveryxeR

@FX)=4x*—-12x+9
Solution

Put: 4x% —-12x+9=0 X =

TR Attt ++++++++++++++ ®

N W ——

+ ve atxe]R—{%}

fx)
3
zero atx=-
2
PRACTICE
Q1: In which of the following intervals is f(x) = —8 negative?
(A ] 1-8.8]
(B | —o0, 00|
(c | ]—0,8]
(D | ]-8,00]
[E | 18, 00]
S s First Term | Algebra
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Q2: For which values of x is the function f(x) = 8x — 13 positive?
(] x=—
L =
(B 2o
A 8
E %522
AR 3
B xa—
Iz 3
B
Wi 3

Q3: Determine the sign of the function f(x) = (x — 8)(x — 7).
E] The function is positive when x € R — [7, 8], the function is negative when x € |7, 8], and the

function equals zero when x € {7, 8}.

The function is positive when x € R — {7, 8, the function is negative when x € [7,8],and the

function equals zero when x € {7, 8}.

The function is positive when x € [ 7, 8], the function is negative when x € R — {7, 8}, and the

function equals zero when x € {7, 8}.

@ The function is positive when x € |7, 8], the function is negative when x € R —[7,8], and the

function equals zero when x € {7, 8}.

Q4: Determine the sign of the function f(x) = x* — 16x + 64.

lg] The function is positive when x € R — {8}, and the function equals zero when x € {8, 8}.
lE] The function is positive forall x € R.

lE] The function is positive when x € R — {—8}, and the function equals zero when x = —8.
lE] The function is positive when x € R — {8}, and the function equals zero when x = 8.

l?] The function is positive when x € R — {—8, 8}, and the function equals zero when x € {—8, §}.

o s First Term | Algebra
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Q5: Determine the sign of the function f(x) = —x* —2x — 7.

The function is positive for all x € R — {0}, and the function equals zero when x = 0.
The function is negative for all x € R — {0}, and the function equals zero when x = 0.

The function is positive for all x € R.

The function is negative for all x € R.

(=] (o) [=][*]

2

Determine the interval in which the function f(x) = —15— 8x — x= is NOT negative.

Sy
=5, =31

[3,5]

@ R —[3,5]
R

Q7: What are the values of x for which the functions f(x) = x — 5 and g{x) = x* + 2x — 48 are both
positive?

|E] X 58
|E] x> 6
|E] x<—8
|E] x <6
|E] %S5

ENENER-
A
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Sign of a Function 1-5

First : complete each of the following:

@ The sign of the function f, where f(x)=-51s .. i themterval .
@ The sign of the function f, where f(x) =x*+11is . i the mterval ..
@ The sign of the function f, where f(x) =x* — 6 x + 9 is positive in the interval ..
@ The sign of the function f, where f(x) =x — 2 1s positive in the interval ...
@ The sign of the function f, where f(x) =3 — x is negative in the interval ...
@ The sign of the function f, where f(x) = - (x — 1) (x +2) 1s positive in the interval ...

® The sign of the function f, where f(x) = x>+ 4 x — 5 is negative in the interval .

VA
The figure opposite represents a first degree function in x: .
(A) The function is positive in the interval .. 4 7
| B the function is negative in the interval . “TE N ZEEE d ]
i
v
z/ q
/ _"r
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@ The figure opposite represents a second degree function in x:

| —
%o
=
-
-
—

|1
T M
[

(A) f(x) = 0 when x €
@ 1O O WHBEE onmemmmmoss \
[Ej f(x) 0 < when x €

F
[

e

P
\‘-

Second: answer the following questions:

In exercises from (A to (ﬂ), determine the sign of each of the following functions:

(A) f(x) =2 (B) f(x) = 2x

©) f)=-3x o (D) f(x) =2x+4

E)foy=3-2x (F) foo) = 2

(G) f(x) = 242 H)fy=x2—4
(W =1-2 (J) £(r) = (x=2) (x+3)

K f=Q@x=3" L) foy=x—x—2

M) fx)=x>-8x+16 (N) f)=-42+10x-25

@ Graph the curve of the function f(x) = x> — 9 in the interval [ - 3,4 ], hence determine the
sign of f(x).

@ Graph the curve of the function f(x) = — x>+ 2 x + 4 in the interval [~ 3, 5], hence

determine the sign of f(x).
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[ Lesson (6) ][ Quadratic Inequalities in one variable ]
> Related Links>

[4- Solve the quadratic inequality in one variable. ]

Solving the quadratic inequality in one variable

| EEER

Solve the inequality: x2 — 5x — 6>0

Solution
“x?—5x— 6>0
Put: x2 — 5x— 6=0 x = 6 or x = —1
—20 +++++++++g(|)>— _____ |@+++++++++ og
-1 6
-~ TheS.S. =R —-[-1,6] or TheS.S.=]-c,—=1[U]6, oo

[eampece]

Solve the inequality: x> + 2x — 8 = 0

Solution
“x?+2x—82>0
Put: x2+2x—-8=0 x = 2 or x = —4
— @ _____ @+++++++++
20+++++++++ | | og
—4 3
~ TheS.S.=R—-] —4,3] or TheS.S.=]-o,—4]U|[3, oof
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[ Example © J

Solve the inequality: x?2 — x — 12 < 0

Solution
wx?—x—-12<0
Put: x2 —x—12=0 x = 4 or x = —3
—% +++++++++@ ————— @+++++++++ %
| |
-3 4

~TheSS.=]—3,4

[eempeo]

Solve the inequality: x? — 6x < —9

Solution
v x?—6x < =9 x?—6x+9< 0
Put: x2—6x+9=0 x = 3

PR R Rk R e e e e

|
3

~TheS.S. =@

feamoco ]

Solve the inequality: x2 + 8x > —16

Solution
v x?+8x> —16 ~x>+8x+16> 0
Put: x>+ 8x + 16 =0 x = —4
A e e e e e e
|

—4

St e e e

+TheS.S.= R — {—4}

First Term | Algebra




First Secondary PURNGE L e Sc oo /\ | 2021-2022

PRACTICE

Q1: Solve x* — 2x < 0 graphically.
R—10,2]

{0,2}

10,2]

0,2]

=] =] =) =] (3]

R—[0,2]

Q2:Solve x2 —x—6 < 0.
[—2.3]

R—]-2,3]
B—[-23]

{_2! 3}

2] (=] (2] (=] | 2]

|-2,3]

Q3: Solve 5(x — 1) — x(7 — x) £ x* graphically.

S s First Term | Algebra
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Q4: Solve x> — x — 6 > 0 graphically.

[—2,3]
(3] t-2.3
Eo]aza
(D] 1-2.3]
Bo[i23]

Q5: Solve —x? + 9 > 0 graphically.
(a] [-3,3]

(8] R—[-3.3]

(] 1-330

F] (3,3}

(] R—]-3.3]

|4 E]u oo VB
ot —EJu o2V
oA o Vi
o]
o

NEENENE

L]

Q6: Solve (2 —3x) — (x — 1) > —4 — (x — 2)? graphically.

W&WSSIS

First Term | Algebra
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Q7: Solve 2x? < 3x + 5 graphically.
(2] ]3]

3] &-[-13]

23]

Bkl

3]

13, 00]
[1, 00]
J—c0,3]

[3, 00]

=] (=] (=] [=] (=]

J—=c0,3]

Q8: Solve (2 — x)(x = 1) > 2 — (x — 1)* graphically.

(a] [-11,11]
(8] 111,11
¢ R—]-11,11
p]o

| R-[-11,11]

Q9: Find all solutions to the ineguality x? + 121 < 0. Write your answer as an interval.

T
S

=S
S
3

Bl =

= ‘E
mEo;
=

\I

W
B
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Quadratic inequalities

1-6

Find the solution set of each of the following quadratic inequalities:

D) 2<9
@ 2-1<0

(B) x-2) (x-5)<0
(€) x(x+2)-5L0
@ «-27<-5
(8)5-2c< 2

@ 2>6x-9

193 2<11x+4

@xz—4x+4>0

First Term | Algebra
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{ UNIT TEST |

First : choose the correct answer from the given answers:

@ The solution set of the equation x> —6x+9 =0 inRis: ...
(A) (-3 (B) {3} () 3,3} D) ¢

@ The solution set of the equation X% +4 = 018 1 e
(A) (2} B) {23 (©) (2,2 (D) {21, 2i}

@ The simplest form of the expression (1 —)*dis:

(A) -4 (B) 4 (©) -4i (D) 4i

@ If the two roots of the equation x> — 4x + K = 0 are real and different ,then: .
(A K>4 Bk<4 ©) k=4 DKk=>4

@ If the two roots of the equation x> — 12x+ M =0 are equal, then M equals:
(A) 36 B)-s ©) 6 D) 36

@ The quadratic equation whose rootsare 2 —31and 2 +311S: ...
(A)2+ax+13=0 (B)x2-4ax+13=0 (€)x+4x-13=0 (D)x2_4x_13=0

® Iff:[-2,4] —— R where f(x) =2 — x, then the sign of the function { is negative in
the interval:
&) 2,20 (B)[-2,2] ©) 2,4 (©) 12,4

If one of the two roots of the equation x*> — (M + 2) x + 3 = 0 is the additive inverse of
the other, then M equals:
(a) -3 B)-2 (©)2 D)3

@ If one of the two roots of the equation 2 x* + 7 x + K = 0 is the multiplicative inverse of
the other, then K equals:

(&) -7 (B) -2 (c)2 ©)7
The solution set of the inequality x> + x —2 < 0 is :
(A)1-2.1p (B)[-2,1] ©r-2,1 ©@r-12.10

@gﬂg@ﬁ First Term | Algebra
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Second : the figure opposite represents the graph of y

a quadratic function
@ Complete each of the following :

rﬁ The range of the function f is

~H

a—
B~ dn @

(B) The maximum value of the function f equals ..........

/'_'\ .
€ Type of the two roots is

[
4 FE E.j
|1

@\ The solution set of the equation f(x) =01s / \
(E)f(x) >Owhenxe . - K >
[Fq\ fty<Owhenxe . ] ; \
(_(_3,: f)=0whenx= / 5 |

i A

’ Yv \

@ Write the rule of the quadratic function which passes through (-4,0) , (2,0) and (-1, 9).

Third: Answer the following questions
@ Determine the type of roots of each of the following equations, then find the solution set
of each equation .

(A) 2—2x=0 (B) x—1)2=4 (C)x—6x+9=0

Use the general formula to solve the following equations approximating the result to the
nearest hundredth.

(A)x2+4x+2=0 B)x-3(x-2)=5

@ Find the solution set of the following equations in the set of complex numbers .
(A)2+9=0 (B) 2+2x+2=0 (€) R+4x+5=0

@%@:@5@ First Term | Algebra
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Find the values of a and b in each of the following :

(A) (7-3)-@+ )=a+bi (B) 2—5)(3 +i)=a+bi
[@' 10 _a+bi @6_—%i:a+bi
2+1 1-1

@ Find the value of M in each of the following :
@ If the two roots of the equation 2x*>+ M x + 18 = 0 are equal

X 5 5 Z
0_34; If one of the two roots of the equation x>+ 3 x+ M =0 is twice the other root

Investigate the sign of the function f in each of the following :
(A f=x-2x-8 (B f() =4 - 3x— x°

Find the solution set of each of the following inequalities :
(A)@—x-12>0 (B) 2 7x+10<0

First Term | Algebra
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[ Lesson (1) ][ Similarity of Polygons ]

o relediints ) [T

+ |dentify the concept of similarity.
+ Classify Similarity of polygons.
+ |dentify drawing Scale.

+ |dentify Golden rectangle and golden ratio.

[ Definition ]

Two polygons P1& P2 (same number of sides) are said to be similar if:
1) The corresponding angles are equal in measure.

2) The corresponding sides are proportional.

Notes:

1) Any two congruent polygons are similar.
2) Any two regular polygons (same number of sides) are similar.

[Any two squares are similar — any two equilateral triangles are similar]

[ Remark ]

If polygon ABCD ~ polygon XYZL then:

OsLA=2X,2B=2Y,2C=272,2D=2L @

AB BC CD DA . ] A B C D
W—E—Z—E—k(S|m|Iar|tyrat|o),k¢O I I I I

The scale factor of similarity of polygon ABCD

to polygon XYZL equals k, and scale factor of W

similarity of polygon XYZL to polygon ABCD equals %

@ﬂﬁ@ﬁg First Term | Geometry
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feempeo]

The two polygons ABCD & XYZL are similar find the missing elements?

C

30 cm

Solution

- polygon ABCD ~ polygon XYZL
~m (2 A)=m (2 X)=65°

_AB _BC CD DA AB 30 CD 20
XY YZ ZL 1X 3 YZ 8 4
~ AB=15cm : YZ=6cm & CD=40cm
&
[eempee] G
D ¥ om

In the figure opposite: . i
polygon ABCD ~ polygon EFGH. ) o
@ Find the scale factor of similarity B %
of polygon ABCD to polygon EFGH. E S@= F

. X
@ Find the values of x and y. = B

Solution
*» polygon ABCD ~ polygon EFGH
NN DA
=~ The scale factor o similarity = — = 222
HE 2

~AB_BC CD DA .(y+2)_15_12
"EF  FG GH HE "6  x 8
~x =10cm
“y+2=9 ~y =7cm

First Term | Geometry
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Eewee] . :

In the opposite figure:

m(2A)=m (2D), m(«B)=m(£E) - i
AB=20cm, BC=15cmand DE=6cm P E
A -
@ Prove thatA ABC ~ ADEO 20758 B
@ Find the length of EO
Solution

In A ABC & A DEO:
“m(2A)=m (s« D) & m(£B)=m(£E) ~m(£C)=m((£0)
~ A ABC ~ A DEO . AB_BC_CA

DE EO OD

20 15

.?ZE oo EO:45Cm

[ Notice that: ]

perimeter of M1

If polygon M1 ~ polygon M2, then

= Similarity ratio (scale factor)

perimeter of M2

A

feampco]

In the figure opposite:

A ABC ~ A DEF, DE=8cm, EF =9 cm, d’%
FD =10 cm. If the perimeter of A ABC = 81cm.
Find the side lengths of A ABC

Solution

..AB _ BC CA _ Perimeter of A ABC

A ABC ~ A DEF == =
DE EF FD Perimeter of A DEF
LAB_BC_CA_ 81
8 9 10 27
~AB =24 cm , BC =27cm & CA=30cm

First Term | Geometry
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Similarity ratio of two polygons

Let K be the similarity ratio of polygon M; to polygon M,

If: K>1 then polygon My is an enlargement of polygon M,
0<K«<1 then polygon My is a shrinking of polygon M,
K=1 then polygon My is congruent to polygon M,

In general: you can use the similarity ratio in calculation of the dimensions of
similar figures.

| EEERICN |

ABCD is a rectangle in which AB = 5 cm and BC = 8 cm. Find the
dimensions of another rectangle similar to it, if:

® Scale factor =1.4 @ Scale factor = 0.6

Solution
Let the rectangle XYZL ~ the rectangle ABCD

XY YZ ZL XL
s — =—=— ="— =scale factor
AB BC CD AD

XY YZ XY  YZ

@ If the scale factor = 1.4 n—==—==14 n—=—=—=14
AB BC 5 8

& XY =7cm & YZ=8.4cm [Enlargement]

@ If the scale factor = 0.6 X=X 06 =X 06
AB BC 5 8

~ XY =3cm & YZ=48cm [Shrinking]

First Term | Geometry
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Q1: A polygon has sides 2, 4, 3, 8, and 4. A second similar polygon has perimeter 31.5. What are its sides?
1.3cm,2.7cm, 2 cm, 5.3 cm, 2.7 cm
E] 3.5cm,5.5cm,4.5cm,9.5cm, 5.5 cm
4em,5cm.4.5cm,13 cm, 5cm

@ Jem,6cem.4.5em, 12 em, 6 cm

Q2: If ABCDE ~ PQRST, find the scale factor of ABCDE to PQRST and the perimeter of PQRST.
g 0

3

The scale factor is 5 and the perimeter is 78.
24
The scale factor is 27, and the perimeter is 117
E] 1e scale factor is ——, and the perimeter is 117. R p
l_] 5 r ; A cC
C | The scale factor is 3 and the perimeter is 64. 14

@ The scale factor is - and the perimeter is 60.7.

2 i 21 § T
[?l The scale factor is % ,and the perimeter is 117 .

E 27 D

BG
Q3:1f BGCD ~ LYNZ, then D= N_Z

M G W [z oc

Q4: A rectangle that {s 15 by 10 is similar to a second rectangle with perimeter 40. Find the length and the
area of the second rectangle.

E] length = 15, area = 150
@ length = 12, arca = 96

@ length = 8, arca = 96

' A First Term | Geometry
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Q5: Given that ABCD ~ ZY XL, find mzXLZ and the length of CD.

J—__'_'____*.2452
2cm
msXLZ =105, CD =1231cm D

L T
7 X
msXLZ = 61°,CD = 123.1 cm
msXLZ = 61°,CD = 7.5cm y ‘

—J75cm —

EEEE

msXLZ =109, CD =7.5¢cm 105° 100°

—150cm —

: Which of the following statements correctly defines similarity for polygons?

Qo
Two polygons are said to be similar if their corresponding sides are equal.

@ Two polygons are said to be similar if their corresponding angles are complementary and their

corresponding sides arc equal.
Two polygons are said to be similar if their corresponding sides are congruent.
@ Two polygons are said to be similar if their corresponding angles are equal.

Two polygons are said to be similar if their corresponding angles are congruent and their

corresponding sides are in proportion.

Q7: ABCD ~ ZYXL and the perimeter of ABCD = 177 cm. Calculate the scale factor of similarity of
ZYXL to ABCD and the perimeter of ZYXL. D

[I] scale factor= % perimeter of ZYXL = 88.5cm

— C
[ B ] scale factor = i,pcrimetcr of ZYXL = 708 cm L
1 . X
scale factor = 3 perimeter of ZY XL = 354 cm
[?] scale factor = % , perimeter of ZYXL = 44.25 cm
[El scale factor = 2, perimeter of ZYXL = 354 cm 2 23¢cm Y
A 46 cm B

BEnas First Term | Geometry
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2-1 | Similarity of Polygons

@ Show which of the following pairs of polygons are similar, write the similar polygons
in order of their corresponding vertices and determine the scale factor of similarity (side

lengths are estimated in centimetres).

a) L . () =
D A 7 7
; Y
z 49 y C 28 B 7

© 9 0 I A
R 2
B =73 o 5
E 84 %
P £ X
) (% 18 B
F
@ If polygon ABCD ~ polygon XYZL., complete
o AB ____________
A) —=—— B
e AB% Zli= XY e,
~~ BC+YZ ~—— Perimeter of polygon ...
(0) =t 2 D) —— -
erimeter of polygon.. ... AB
@ Polygon ABCD ~ polygon XYZL.,,If AB = 32cm, BC =40 cm, XY =3m - 1 and
YZ =3m+ 1,Find the numerical valueof m. .

@ The dimensions of a rectangle are 10cm and 6cm. Find the perimeter and the area of
another rectangle similar to it 1if:

[E Scale factor equals 3. IE\ Scale factor equals 04

_ @“m First Term | Geometry
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[ Lesson (2) ][ Similarity of Triangles ]

[=]35:
:- .

+ Classify Cases of similarity of triangles.
+ Identify the properties of the perpendicular drawn from the

vertex of the right angle to the hypotenuse of the right
angled triangle.

First case:

Two triangles are similar if the measures of the corresponding angles of two
triangles are equal.

A
Ifm (2 A)=m (2 X) X
m(«£B)=m(2Y) if
m(£E)=m(z 2) . - ]

~ A ABC ~ AXYZ

Special cases:

1) Any two congruent triangles are similar.

2) Any two isosceles triangles are similar it the measure of one the base angles in
one of them is equal to the measure of the base angle of other.

3) Two right angle triangles are similar if one of the acute angles in one is equal
to the measure of a cote angle of other.

The Second Case:

Two triangles are similar if the measure of an angle of a triangle equals the
measure of an angle of another triangle, and the lengths of the sides enclosing by

these two angles are proportional. A
Ifm (2 A)=m (2 X) X *
And 2 = & i E
XY XZ
~ AABC ~ A XYZ Z Y ¢ B

_ @@% First Term | Geometry
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The Third Case:

Two triangles are similar if the corresponding sides of two triangles are
proportional.

B
i 2B _ BC_ AC A
DE EF DF
C

~ A ABC ~ A DEF

D 4
F
B
[ Example @ b
In the opposite figure: 1
AD // CB Prove that: A
(1) A AED ~ ABEC
A 5

(2) AE . EC = DE . EB

Solution
In A AED and A BEC:;

-+ AD // CB ~ AAED ~ A BEC — (1)
LAE_ED _ AD
""BE EC BC

feampce]

In the opposite figure:

ABC is atriangle in which:

ED// CB, AE =14 cm, ED =12 cm,

BD =4 cmand BC=15cm

Find the length of each of AC, AD and AB
Solution

. AE.EC=DE.EB — (2)

‘ 15 cm

In A ABC and A ADE:

-+ BC /I DE
L AB _BC_AC
""AD DE AE

~AC=17.5cm

~5AD=4AD + 16
~AB=16+4=20cm

~ A ABC ~ A ADE

_AD+4 _ 15 _ AC

" AD 12 14
_AD+4 _ 15 _ 5

" AD 12 4
~AD =16 cm

First Term | Geometry
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| B | A

In the opposite figure:
BC=20cmand CY =6.4cm

. X

o Y >
In A ABC, draw XY // BC 4 cn/ 12 cm \
If YX =12 cm, then find the length of AC > -

C 20 cm
Solution
XY /| BC -~ A ABC ~ A AXY
~AB _BC AC .AB 20 AY+6.4
TAX XY AY TAX T 12 AY
JAY 64 20 5 ~5AY=3AY +192
AY 12 3

~2AY =19.2cm ~AY =9.6cm ~AC=96+64=16cm
[ Example @ C
In the opposite figure:
ABC is a triangle in which: 6 cm

AC=6cm,AD=4cmand BD =5cm
(1) Prove that A ACD ~ A ABC

(2) AC is a tangent to the circumcircle of ABCD A T D sem B

Solution

In A ACD and A ABC:
£ A'is a common angle

AC 6 2 AD 4 2
v —===-== and —=-=~-

AB 9 3 AC 6 3
. Ac_ap
" AB AC
~ AACD ~ A ABC — (1)

s m (2 ACD) = m (2 ABC)
« AC is a tangent to the circumcircle of ABCD — (2)

First Term | Geometry
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| EEERCY |

In the opposite figure:
AB=6cm,BC=12cm, CA=8cm

OC=3cm,DB=45cm, OD =6 cm.

Prove that:
(1) A ABC ~ A DBO.
(2) A EOC is isosceles.

A
8cm
6 cm
E
0O 9 cm -
C 3cm J
6 cm 4.5 cm

D
Solution
In A ABC and A DBO:
AB 6 4
DB 45 3
BC 12 4
BO 9 3
AC 8 4
DO 6 3
. AB _ BC AC 4
"DB BO DO 3
~ A ABC ~ A DBO — (1)
- m (£ BCA)=m (2« BOD) From similarity
»'m (2 BOD) = m (2« EOC) V.0O.A.
»m (2 BCA)=m (2 EOC)
~ A EOC is isosceles — (2)

First Term | Geometry
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Corollary

A DAB ~ A ACB ~ A DCA (Why?)
Deduce the Euclid’'s theorem: A
(1) (AB)*=BD . BC (2) (AC)*=CD . BC
(3) (AD)>=BD . CD (4) AD = 222
Proof C - L
-+ A DAB ~ A ACB

DA _ AB _ DB - (AB)? =
Lo _ 2 »(AB’=BD.CB

+ ADCA~AACB

_DC_CA _ DB

. 2 _
..E—E—E --(AC)—DCCB

A DAB ~ ADCA

_ DA _AB _ DB

s =2t = ~ (AD)*=BD.CD
DC CA DA

A DAB ~A ACB

DA AB DB AB x AC
Pl ~ AD =
AC CB AB BC

@ﬂﬁ@ﬁg First Term | Geometry
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AH and BC are two intersecting chords at D in a circle, where D is the
midpoint of BC. Prove that: (BD)* = AD x DH

Solution
In A ABC.: C
~m (£ B)=90° D
«» AC = /(AB)? + (BC)? = V402 + 302 = 50 cm -
~ BD J_ic C A = B
~BD=ABXBC_40x30_,,
AC 50
+3BH=5HD L :.eachpart:2—4=3cm
HD 3 8
~BH=5Xx3=15cm & ~HD=3Xx3=9cm

| Eem |

If AB =6 cm and BC = 9 cm. in A ABC let point D be the midpoint of AB
and H € BC such that BH =2 cm.

Prove that: (1) A DBH ~ A CBA (2) ADHC is a cyclic quadrilateral
Solution

In A DBH and A CBA: A
LBD_3_1  BH_2_1 e
"BC 9 3 "BA 6 3 D

BD BH : S EL
h——= + £ B is common angle

Be oA C 2cm
~ A DBH ~ A CBA — (1) 7em S

- m (£ BDH) =m (« BCA)
~ ADHC is a cyclic quadrilateral — (2)

First Term | Geometry
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A ABC inscribed in circle, BD is a tangent to the circle at B cut AC at D.

Show that: (1) ADBA ~A DCB (2) (DB)* = (DA) (DC)

Solution
B

In A DBA and A DCB:

+» BD is a tangent to the circle at B m
%

~m(2DAB)=m(2DBC) (onBC) D C \_/*‘"

(the measure of the inscribed angle = the measure of the tangency angle)

£ D isa common angle

~m (2 DBA)=m (« DCB) ~ ADBA ~A DCB — (1)

_ DB _BA DA

e - (DB)* = (DA) (DC) —(2)

| EETTI | 0

In the opposite figure: D Hﬁ

»— A
ABCD is a parallelogram. V
Prove that: A CDH ~ A OBC >

Solution

~ ABCD is a parallelogram

+ OA//TD

~ A CDH ~ A OAH — @

+ AH // BC

~ A OBC ~ A OAH — @

From © & @: ~ ACDH ~ AOBC [Discus another solution?!]

First Term | Geometry
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PRACTICE

Q1: Given that DE = 74 m, EB =32 m, 2

and EA = 48 m, find the length of CA

- B
D
A
Q2: In the given figure, DE and BC are parallel. Use similarity to work out the value of x.

) x=2 ’

X ==
e 8
? xX=3 x
(c] x=1 D
Bl w=o 3
[E] x=5
_ A 5 E x+2 C

Q3: Given that /AABC and AADEF are similar, A
find the length DH. &
& 6.6
4
F— 4 E g 4 H B
S B First Term | Geometry
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Q4: If ANABC ~ /MNADE, evaluate x.

. c
A |97 ]
— 31 — (x+ 17 om — 9cm
Sl . |

- A B
C
B

Y R

i — (2x — 4}em —i

s
e 15cm )

11

Q5: Given that triangles ABC and A'B'C’ arc similar, work out the value of x.

¥=17 L

x=7 Ix +1

X235 A x+3 ca 4 C

== ] [e] (=] [#]

Qa: Find the value of x rounded to the nearest hundredth.

=

15¢cm

~— 10 ¢ —»>=

NN First Term | Geometry
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Q7:: Given that ED = 10 cm, AE = 8 cm, EC = 20 cm, and BD = 15 cm, find the length of BC.

A
A
(i
B

Q8: Triangles ABC and ADE are similar. Find x to the nearest integer.
A
5 cm
2 |:m {dx — 1:] Ccim
C o B
- {(x+2)cm >

A | 71°,234cm
? 32°,19cm
¢ | 39°,23.4cm
F 39°,15cm

- o First Term | Geometry
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2-2

@ State which of the following cases, the two triangles are similar. In case of similarity,

-
1
i
X

.

i
'~-ﬁr

Slmllarlty OfTrlangIes a

s » ! | .
3 . Salal Pl

B i e ) k'
)

state why they are similar?
A

® U &
DVQ 2 o]l
C B

(E

Q

N 4.5cm X

C 1i6ecm D 9cm

First Term | Geometry
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@ In the figure opposite: ABC is a right angled triangle, AE | BC A
First: complete: AABC~A ~AN

Second: If x, y, z,1 ;,m and n are the lengths of the straight

segments in centimetres, then complete the following C D B
Z
proportions:
(A = =" (B 2.1 (1.2 - & (o) L ==
= e S = I === T i [
(B) 2. — (F) = - 2L 6 L -— (H) L -
" x oy e  Xx 7 X y

@ AB and DC are two chords in a circle, AB N DC = {E}, where E lies outside the
circle, AB = 4cm, DC = 7cm and BE = 6¢em. prove that AADE ~ ACBE, then find the
length of CE

@ ABC, and DEF are two similar triangles, AX | BC tointersectitatX, DY L EF
and intersects 1t at Y. Prove that BX x YF = CX x YE

(8) In AABC,AC > AB,M € AC where m(// ABM)=m (/ C).
Prove that (AB)? =AM x AC.

® ABC is a right angled triangle at A, "AD L BC tointersectitatD .if == = %
AD = 642 cm. Find the length of BD, AB and AC .

In the figure opposite: ABC is a right angled triangle at A, A
AD L BC , DE 1 AB . DF L AC .Prove that: E
(A) AADE ~ ACDF g
(B) Area of rectangle AEDF = J AEXEB x AF x FC C D B

@ﬁ%@ﬁ First Term | Geometry
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Mathematical Depa
@ In the figure opposite: ABC is an obtuse angled triangle at A, -
AB=AC. AD | AB and intersects BC at D.
Prove that: 2(AB)> = BE x BC
C D B

The two sets A and B represent the side lengths of different triangles in centimetres. In

front of each triangle from set A Write the triangle similar to it from set B

Set (A) Set (B)
Al25, 4 , 5
1]6 6 , 6 B |8 ; 135 5 14
215 T 5 1 cC |2 . 35 . 55
3|5 g , 10 D1 , 11 , 11
4 |7 8 ; I2 E |35, 4 ., 6
5116 21 , 28 F|8 , 6 , 10
G |32 , 54 , 42

@ In the figure opposite: A B C is a triangle in which AB = 6¢cm ,
BC =9cm and AC =7 5cm.
D 1s a point outside the triangle ABC

where D B = 4cm and DE = 5cm. Prove that:

(A) A ABC ~ ADBA c 9 om B

[B/ BA bisects /. DBC

@ In the figare opposite , Complete:

@%@g@ First Term | Geometry
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1aine (Hca I i £

@ In the figure opposite: AABC ~ AXYZ,,

X
E 1s the mid point of E M 1is the mid point of YZ . A
cD L AB and 7ZL L XY.prove that: L &
. G
(A) AAEC ~ AXMZ z ,
B) CD AE b Y
1) R e B e
. XM
ABC and XYZ are two similar triangles, where, AB > AC, XY > XZ.
E and L are the mid point of BC and YZ respectively. AF 1 BC and XM L YZ
Prove that A AEF ~ A XI.M
(15) ABC is a triangle, D € BC where (ADY>=BD xDC , BA x AD = BD x AC. Prove
that:
(A) AABD ~ A CAD (B) oD L BC (€) m (/ BAC)=90°

@ﬂﬁ@ﬁg First Term | Geometry
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1d

The Relation Between the Areas of

[ LT ) ] two Similar Polygons
> Related L|nks> E

4 Determine the relation between the perimeters of two
similar polygons and similarity ratio (scale factor).
#+ Recognize the relation between areas of two similar

polygons and similarity ratio.

O The ratio between the areas of two similar triangles equals the square of the
ratio between the lengths of any two corresponding sides of the two triangles.

If AABC ~ A DEF = igiggg _ (%)2 _ (ETE)Z _ (%)2

® The ratio between the areas of two similar polygons equals the square of the
ratio between the lengths of any two corresponding of the two polygons.

- -

AP _ (A_B)2

IT P, (ABCDE) ~ P2 (XYZLO) =% —1== (&

The ratio between the perimeters of two similar polygons is equal to

the ratio between any two corresponding sides of the two polygons.

feamco]

A ABC ~ A DEF & S.A. of (A ABC) =9 S.A of (DEF) & DE =5 cm. find AB

Solution
-~ A ABC - A DEF S.A.of (AABC) (AB)
' " S.A.of (ADEF) \DE
2
9T — (ASBZ) ~ (AB)? = 225 ~ AB=+/225=15cm

@Eﬁ@ﬁg First Term | Geometry
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Matl atical Deparin
[ Example © J

A XYZ in which = = 3 the circle passing through the vertices of this A is

XZ
drawn. The tangent at X is drawn to cut YZ at E. prove that: A xvz) 32
A(A XYE) 81

Solution
X

In A EXY and A EZX: { \

- EX is a tangent to the circle at X B = \—/Y

(the measure of the inscribed angle = the measure of the tangency angle)

~m(£EYX)=m (£ EXZ) (on XZ)

+ £ E is a common angle
~m (2 EXY)=m (£ EZX)
~ AEXY ~AEZX

CA(A EXY)_<XY>2_(9>2_81
TA(AEZX) \ZX) \7) 49
CA(AXYZ) 81-49 32
"A(AEZX) 49 49

A(A XYZ) 32

“A(A XYE) 81

First Term | Geometry
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Mathematical Deparin
[ Example © J

In the opposite figure: B A

AB and CD are two non-interesting

chords in a circle. E
If AB N CD = {E} and AC =3 BD.

area of the quadrilateral ABDC

Find: .
area of triangle EAC
Solution
~+AC=3BD
. AC B 3
"DB 1

- ABDC is a cyclic quadrilateral

~m(£EAC)=m (£ EDB)
~m(£ECA)=m (£ EBD)
+ £ E Is common angle

~ AEAC ~ A EDB

A (A EAC)__(AC)2::<3>2 9

“A (L EDB)  \DB 1) ~1
~A(quad. ABDC) 9-1 8

" A(AEDB) 1 1
_area of the quadrilateral ABDC _ 8
h area of triangle EAC 9

First Term | Geometry
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Mathematical Depa
[ Example & J

@ The ratio between the lengths of two corresponding sides of two similar
polygon is 1 : 2 what is the ratio between there areas and what is the ratio
between their perimeters.

Solution

oL _Al_(1)2_1
YA, \2) a4

.Lz

_1 1
2 2

P Ly
TP, L

@ The ratio between the areas of two similar polygon is 4 : 9 what is the
ratio between their corresponding sides, what is the ratio between their
perimeters.

Solution
oo ﬁ f— i . Ll J— 4 J— 2 ° i o E - E
A 9 "L, A9 3 P, L 3

® The ratio between the perimeters of two similar polygons is 3 : 4 if the
area of first polygon is 45 cm?, Find area of the second polygon.

Solution
P, _ 3 A, (3)2 9 45 _ 9 2
vt == n=2=(2) == |n—=— -~ P,=80cm
P, 4 A, 4 16 P, 16 2

@ The ratio is between the lengths of two corresponding sides of two similar
polygons is 2 : 3, if the sum of areas of the two a polygons equals 143 cm?,
Find the area of each.

Solution
LWL 2 AL (2)\% 4
-] -
A, : A, © sum |~ A; =44 cm?
4 : 9 : 13 And
: 143 |~ A;=99cm?

First Term | Geometry
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PRACTICE

Q1: Given the following figure, ¥
find the area of a similar polygon Al | D C
A'B'C'D’ inwhich A'B' =
5, .
4 -
3 -
2 ot
) A B
b | i : : - X
0 1 2 3 4 5
Q2: Given the figure shown, 3‘”
determine the area of a 8T
similar polygon, A'B'C’ ()
,inwhich A'B' =3. 6
5 s
4 -
3 -
2 -
]_ -
t T T A 1
0 T 2 3 4 5 & 7

- o First Term | Geometry
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Q3: Given the graph, determine y

the area of similar polygon C

A'B'C'D' inwhich B'C' =

A

] -9 -8B -7 6 -5 -4 -3 -7 -1

[a]ses

[E 16: 9
[E 32 : 81
[E 64 : 81
[? 128 : 81

Q4: Rectangle QRST is similar to rectangle JKLM with their sides having a ratio of 8 © 9.If the
dimensions of each rectangle are doubled, find the ratio of the areas of the larger rectangles.

second.

£
i
”

Q5: Two similar polygons have areas of 20 in” and 80 in“. Find the scale factor of the first polygon to the

> First Term | Geometry
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Q6: Two corresponding sides of two similar polygons have lengths of 54 and 57 centimetres. Given that the
area of the smaller polygon is 324 cm?, determine the area of the bigger polygon.

Q7: ABCD is a square where AB, BC, CD,and DA are divided by the points X, Y, Z and L, respectively,
by the ratio of 4 © 1. Find the ratio of the area of XY ZL (o that of ABCD,

3:5
@25:17‘
439:593
@17:25
593:439

Q8: If ANABC ~ AXYZ and AB = %XY, find

arcaof XYZ
arca of ABC

o) (=] 2]

Ei% s e s

S ;

Q9: Using the figure below, find the ratio between the area of the parallelogram XY ZL and the area of the
triangle ABC in its simplest form.

=
el
bk
Ln

{bﬂ

2
1

ura g
=
L4

c

=

ua g

c|5:6 Y z C 12cm B
- 12¢cm -

D| 22:15

B[ 21

> s First Term | Geometry
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Q10: Triangle ABC is right angled at A, where AB = 20 and AC = 21.8Suppose L, M ,and N are similar
polygons on corresponding sides AB, BC, and AC.If the arca of L is 145, what are the areas of M and N
to the nearest hundredth?

arca of M = 159.86, arca of N = 304.86
[EJ arca of M = 304.86, arca of N = 159.86
arca of M = 210.25, arca of N = 152.25

@ arcaof M = 1746, area of N = 12.64

Q10: Rectangle QRST is similar to rectangle JKLM with their sides having a ratioof 5 @ 3.1If the
dimensions of each rectangle are tripled, find the ratio of the areas of the larger rectangles.

19

Ln

Sl

2527

(=] (=] (=) (=] (=]

Q11: Rectangle QRST is similar to rectangle JKLM with their sides having a ratioof 9 @ 5.1If the
dimensions of cach rectangle are tripled, find the ratio of the areas of the larger rectangles.

@3:5
[8] 2725
[E] 27 : 25
@31:25
(E] 243:25

Q12: Rectangle QRST is similar to rectangle JEKLM with their sides having a ratio of 4 : 7.If the

dimensions of each rectangle are doubled, find the ratio of the areas of the larger rectangles.

(A 2:7 c|8:49 @32:49

BEnas First Term | Geometry
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The Relatlon between the Areas of
2-3 | two Slmllar Polygons

@ Complete:
A N = area (AXYZ) _
(A)If AABC ~ AXYZ, and AB =3 XY, then 22 7umes = .
(B) If A ABC ~ A DEF, area of (A ABC) = 9 area of (A DEF) and DE = 4cm, then

(A) B A
ft;L_ Y4
C = B
AB N CD = {E} m (/ BAC)=90°, AD 1 BC
area of (A ACE) = 900 cm? area of (A ADC) = 180 cm? then:
then: areaof (ADEB)= cm’ areaof (AABC)= .. cm?

@ ABC s atriangle, D € AB where AD =2 BD and E € AC where DE // BC
If the area of A ADE = 60cm?, find the area of the trapezium DBCE.

@ ABC 1s a right angled triangle at B. The equilateral triangles ABX, BCY, and ACZ are
drawn . prove that : area of (AABX) + area of (ABCY) = area of (AACZ).

- @mm First Term | Geometry
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@ ABC is an inscribed triangle in a circle where E % from the point B, a tangent is
drawn to the circle and intersects AC at E.
area of (AABC) _ 7.

prove that:
area of (/A ABE) 16

@ABCDisaparallelogram,Xe AB ,X & AB,where BX=2AB,Ye CB ,Y¢ CB ,

area of (ABCD) 1

where BY =2 BC. the parallelogram BXZY is drawn, prove that: =
area of (XBYZ) 4

® A B C is aright angled triangle at B, BD 1 AC and intersects it at D. The squares
AXYB and BMNC are drawn on AB and BC respectively outside the triangle ABC:
(A) Prove that polygon DAXY B = polygon DBMNC
( B ) If AB = 6ecm and AC = 10cm, find the ratio between the areas of the two polygons.

ABCisatriangle , AB, CB and AC are corresponding sides to three similar polygons
X, Y, Z drawn outside the triangle respectively. If the area of polygon

X equals 40 cm?, area of polygon Y equals 85 cm? and area of polygon Z equals 125cm?.

Prove that: the triangle ABC is right angled.

@ ABCD is a square, AB , BC, CD and DA are divided in the ratio 1 : 3 by the points X,
Y, Z and L respectively.
Prove that:
LE XYZL is a square [E\; =3

- @“m First Term | Geometry
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First Secondary Mathomationl Denast

[ Lesson (4) ][ Applications of Similarity in the circle ]

> Related Links >

a Identify the relation between two intersecting chords in a circIe.\
4+ Classify the relation between two secants to the circle from a

point outside it.

#+ Solve problems, and life applications using similarity of polygons

\_ inacircle. )
Well known Problems

©)
D B C
A A M
M
T A
C D
B B

If BA n DC = { M} If AB N CD ={M}
~MAXMB=MC x MD -~ MA X MB=MC x MC ..

If MC is a tangent
(MC)* = MA x MB

D

[Exampic o] A
O Complete:
()EA.EB= ...
Solution: EA X EB=EC x ED C B
(2) If: AE=30cm,EC=10cm.and ED =12cm,thenEB = ...
Solution: “EAXEB=ECXED ~30xEB=10x 12 EB=4cm
Q) IF:EA=3cm, EB=6cm.andEC=2cm,thenED= ...
Solution: “EAXEB=ECXED ~3x6=10%XED ~ED=18cm
4 If: EA=2xcm, EB=3xcm.,, EC=3cmand ED=8cm,thenx= ...
Solution: ~ EA X EB=EC X ED W 2x X 3x=3X%X8

. 6x% =24 wx2=4 ~x=+4=2cm

B)If. EA=(15-x)cm,EB=xcm.,,EC=9cmand ED =4 cm, thenx=.......
Solution:

+EA X EB=EC X ED
. 15x — x% = 36

nx?—15x+36=0

~(15—x)Xxx=9x%x4

~x=12 or x=3

First Term | Geometry
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Mathematical Depart

® Complete: B
(D) MA X MB = oo 2

M
Solution: MA x MB = MC x MD i 3

(2) MA=3cm,AB=xcm,MC=2cmand CD=6.5cm,thenx= ...

Solution: + MA x MB = MC x MD ~3X(B3+x)=2x%x85
~9+43x2=18 ~3x2=9 x%=3 ~x=+/3cm

(3 MA=xcm,AB=2xcm, MC=3cmandCD=6cm,thenx= ...

Solution: + MA x MB = MC x MD SX X (x+2x)=3%9
WxX3x=27 ~3x%=27 ~x%2=9 ~x=3cm

(4 MA=xcm,AB=5cm,MC=3cmand CD=9cm, thenx= ...

Solution: + MA x MB = MC x MD AXX(x+5)=3x%x12

. x% 4 5x =36 ~x?4+5x—36=0 ~x=4cm
© Complete: C
(1) MA. MB = oo M
Solution: MA x MB = (MC)? A

B
(2) MC=xcm, MA=4cmand AB=5cm,thenx= ...
Solution: - MA x MB = (MC)* “4x9=x
=36 ~x =36 L X =6Cm

(3 MC=8cm, MA=xcmand AB=12cm, thenx= ... ...,

Solution: - MA x MB = (MC)* AxX X (x+12) =82
~x% 4+ 12x = 64 Wx2+12x—64=0 ~x=4cm

First Term | Geometry
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Mathematical Depa
[eempee]

Y c X

In the opposite figure: *
A and B are the points of intersection of
two circles. A common tangent is drawn .
touching themat X & Y.
If AB N XY = {C} show that C is mid-point of XY.

Solution
.+ CX is a tangent at X ~ (CX)*=CA x CB (1)
. CY is a tangent at Y ~ (CY)*=CA x CB (2)
From (1) and (2): ~ (CX)?* = (CY)?
~ CX=CY =~ C is mid-point of XY

| EERCN |

ABC is a triangle in which AB = 15 cm, AC = 12 cm. D € AB where AD =
4cm, E € AC where AE = 5cm.

Prove that the figure DBCE is a cyclic quadrilateral.

Solution
In A ABC and A AED:
£ A'is common angle
LAB_15 _ 4 LAC_12_ 4
AE 5 AD 4
. AB _ AC
" AE AD
~ AABC~AAED

~m (2 ABC) =m (2« AED) (the exterior = the interior opposite)
~. DBCE is a cyclic quadrilateral

First Term | Geometry
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Mathematical Depa
[ Example & J

A ABC inwhichAB=8cm, AC=4cm,D € Hf, D ¢ AC where CD =12 cm.

Prove that AB touches the circle which passes through the points B, C, and D

\

Solution B
+ (AB)” = 8° = 64
“ACXAD=4x16=64
) 8 em
~ (AB)’ = AC x AD

- AB touches the circle which passes
through the points B, C, and D

A dem ( 12 em D

feamoco ]

A ladder of length 4 meters rests on a horizontal
rough ground, and with the other end on a
hemispheric tank, as in the figure opposite, If the f%
lower end of the ladder is 2 meters far from the

base of the tank. :

Find the length of the radius of the sphere's tank.
Solution

= (AB)* = AC x AD

~ 4%2=2 x AD
~AD=8m
~CD=8-2=6m

= The length of the radius of the sphere's tank =3 m

First Term | Geometry
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PRACTICE

EA 8

EB=7cm,EA=8cm
EB=612cm,EA=914cm
EB=8cm,EA=7cm

EBE=914cm,EA =6.12cm

ENEEEa

QL:If == = =, EC = 7cm,and ED = 8 cm, find the lengths of EB and EA.

on a circle?

Q2: Given that EA = 5.2¢cm, EC = 6¢cm, EB = 7.5 cm,

and ED = 6.5 cm, do the points A, B, C,and D lie

(&) v
(3] no

Q3: In the following figure, find the value of x.

1.

3,
URE
AN
E WSWEMS

First Term | Geometry
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EA 5
It =S FC =12cm. and ED =5cm
Q _EB 3: b

find the lengths of EB and BA.

EBE=10cm,BA =6¢cm
EB=6cm,BA=10cm
EBE=24cm.,BA =20cm

EB=6cm,BA =4cm

]

EB=4¢cm,BA =6cm

Q5: Given that the points A, B, C,and D

lie on a circle, find the length of BA.

First Term | Geometry
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Q6: In the figure shown, the circle has a radius of 12 cm, AB = 12 em, and AC = 35 cm. Determine the
distance from BC to the centre of the circle, M,and the length of AD, rounding your answers to the

nearest tenth.

E| 11.5 cm, 20.2 cm
[E| 3.4 cm, 26.6 cm
E| 19.6 cm, 20.2 cm

E| 3.4 cm, 20.5 cm

Q7: AB and CD are two chords of a circle intersecting at . Find HD,where AH = 10, HB = 8,and
CH =16.

Q8: Find the value of x. D
8
3 2
B al ~ /a
\_E, y
C

o B First Term | Geometry
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B Appllcatlons of 5|m|Iar|ty in the

2-4{ o circle

"
¥
3
i ]

@ Use the calculator or mental math to find the numerical value of x in each of the

following figures. ( lengths are measured in centimetres)

® o ® ¢ © :
A B A A
A

m

é;% First Term | Geometry
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4

AAnd .
1aine (Hca I i £

@ In which of the following figures, the points A, B, C and D Lie on a circle? Explain

your answer. (the lengths are measured in centimetres)

0 Ao A ©

Sl

e

@ In which of the following figures, AB is a tangent to the circle passing through the
points B, C and D.

(B)

L3

(a) A

@ Two circles are intersected at Aand B.C € AB and C ¢ AB, From C, The two tangent
segments CX and CY are drawn to the circle at X and Y respectively. Prove that CX = CY.

S s First Term | Geometry
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@ In the figure opposite: M and N are two tangential circles at E.

“AC touches the circle M at B , and touches the
circle N at C, "AE intersects the two circles at
F and D respectively,

where AF = 4cm, FE = 5cm, ED = 7cm. A}
Prove that B is the midpoint of AC

Y

@ In the figure opposite: L € XY where XL = 4cm,
YL=8cm, Me XZ where XM = 6cm , ZM =2cm

Prove that:
(A) A XIM ~ A XZY
[Bj LYZM is a cyclic quadrilateral.

(@) AB N CE ={E},AE=3BE,DE=2EC. IfBE=6cmand CE = 5cm.

prove that the points A, B, C and D lie on one circle.

AB Cisatriangle. D € BC where D B = 5cm and D C = 4cm. If A C = 6cm. Prove that:
I\E\ AC is a tangent segment to the circle passing through the points A, B and D.
(B) AACD ~ ABCA
(C) Area of (A ABD): area of (A ABC) =5 : 9

é;%@ﬁ First Term | Geometry
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Mathematical Depa

@ Two concentric circles at M, their radii are 12cm, 7cm, AD is a chord in the larger

circle to intersect the smaller circle at B and C respectively. Prove that AB x BD =95

ABCD is a rectangle in which AB = 6cm and BC=8cm. BE L AC and intersects
AC atEand AD atF.

(A) Prove that (AB)? = AF x AD.

[Ej Find the length of AF .

S s First Term | Geometry
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Mathematical Depa

[ Lesson (1) ][ Parallel lines and proportional parts ]

> Related Links >

a Classify Properties of the straight line which is parallel to ah
side of a triangle.

+ Use proportion in calculation of lengths and in prove relations
to line segments resulting from the transversals of parallel lines.
+ Modeling and solving life problems including parallel lines and

\ their transversals )

If a straight Line is drawn parallel to one side of a triangle cutting the other two
sides, then it divides them into four segments of proportional lengths.

A

D . E
8 D ::::><{:::
C ” B C > B
If ABC is triangle and  DE// BC

_ AD _ AE AD _ AE AB _ AC
" DB EC AB  AC BD CE

[ Example @ J A

In opposite figure: " 2-4I;3m

ABC is a triangle, DE // BC

,AD=24cm,DB=3.6cm 4.8 cm 3.6 cm
c 7 B

and EC =4.8 cm.
Find: the length of AE

Solution
In A ABC:
+ DE // BC L A2 A
DB EC
ﬁ _ ﬁ - AE = 4.8 X 2.4 —32cm
3.6 4.8 3.6

é;%@ﬁ First Term | Geometry
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[eempee]

In opposite figure:

ABC is a triangle, where AE =3 cm,

C
4.5 cm

3 cm

EC=45cm,AD=2cmand DB =3cm
- 2cm D 3cm B
Prove that: DE // BC
Solution

In A ABC:
.. AD _ 2 LAE 3 2
"DB 3 " EC 45
L AD _ AE ~ DE /I BC

DB EC
feempeo]
In opposite figure:
ABC is a triangle in which
FD // BC and ED // BF, AE =3 cm,
AD=4cmand DB =2 cm
Find the length of: EF and FC

Solution
+ ED // BF LAD AR
DB EF

L4 _ 3 ~EF=2*2_15cm

2 EF
+FD /I BC 2 A0 - AF

DB FC

LA 45 ZFC=22X2_9925cm

2 FC

First Term | Geometry
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ABCD is a quadrilateral, Y € BD, YX is drawn parallel to DA to intersect
AB at X & YZ is drawn parallel to DC to intersect BC at Z.

Show that: XZ // AC

Solution
In A ABD:
A
2 YX // DA JBX_BY © D
XA YD
In A BCD:
. 77 /| OF . BZ _ BY X
- YZ /| DC “ = 3D @) -
From © & ©@:
_BX _ BZ [—— C 7 B
ST ~ XZ Il AC
[eampeo ]
ABCD is a trapezium in which AD / BCand ACNBD ={ M}
|fA|v|:2.5cm,BDz%cm,Mc:3cmandAD:4.5cm,
Then find the length of: MD , MB and BC D A
Solution

—_— ;= MD AM
- AD /| BC “ 3D~ AC M

MD 2.5 Zx25 10 C > B
.'.T:; -'-MD:3 = —Ccm

5 5.5 5.5 3
BM:£—2=4cm

3 3

InA ADM & A CBM:
- AD /I BC ~ A ADM ~ A CBM

AD DM AM 45 2.5 B
”C_B_ﬁ_c_M ..C—B—? --CB—54cm

é;%@ﬁ First Term | Geometry




First Secondary

Fletures Lgng'uag’e School$ A | 2021-2022

PRACTICE (1)

Q1: In the figure, segments XY and BC are parallel. A
If AX =18,XB =24, and AY = 27 ,what is the x
length of YC? v
B
[
AD 38
Q2: Determine — BD ,if BE = 33" iy
5
23
Bk
— 1 38
— 38 E > 7
<l &
@) &
61
C = B
Q3: In the figure, DX and EY are parallel to AC 4
T . AD
and AB respectively. If BC = 12cm, BE = 2. and
1 5 .
El = EAE,dcterminc the length of XY .
¥ X B
————————12cm —————————

S

First Term | Geometry
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Q4: Find the length of CB.

A
D
C F E B
L 15cm “eom
Q5:If BX =22cm, AY = 30 cm, and /
A
AX +AY 10 o
F-I_AC = z—l-,ﬁncl the length of CY. /
8
Y
22cm
B

Qé: If the perimeter of /AABC = 9.7 cm,
E is the midpoint of AC,and DE}/BC,

find the length of DE.

> (et First Term | Geometry
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Q7: Given that Z is the midpoint of DC,

the perimeter of /AADC is 33 cm,
AD =7¢cm,and ZC = 5cm,

find the length of AY .

D
A
Z
Y

c

T o AD 29
Q8: Determine — - fDB 33"
22
29
ai
29
29
51
29
22

ENENENE

A
EAD

AB=6_EC=9

E] AB =16 EC =4
AB = 20, EC = 10
@ AB=10,EC=5
AB=20.EC=5

Q9: In the fisure, AD = 10, AE = 5, BD = 4x + 2,and EC = x + 3. What are the lengths of AB and EC?

A

S

First Term | Geometry
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C______ malis Theorem ]

If two transversals cuts several parallel Lines, so the lengths of the corresponding
segments on the two transversals are proportional.

If Lo/ Lol Lall Ly L oaf Ax
And M1, M, are two transversals Ld_z B/ ; \Y ;
L AB_ BC_ D Lo | Nz
" XY YZ ZH 24 D/ S \H}

OR j \

., AB _ AC_ BD _
XY XZ YH
[Exampie 0] 15 cm—
In the opposite figure: -~y 2

AX //BY /I CZ , 0X = 6 cm, OA =4 cm e

,BC=5cmand XZ =15cm \

Find the length of YZ , AB

Solution
« AX /I BY I/ CZ

_0X _ OA
Yz BC
6 _ 4
“yz s
6 X 5
~YZ-= =7.5¢cm

S~ XY =15-75=7.5¢Ccm

~ AX /I BY I/l CZ
LOA_ ox

"AB XY

A _ 6

""AB 75
'AB:4X7'5=SCm

- -
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[eampce] a
In the opposite figure: 5 A
ED // BC, AC// BD

Prove that: (OB)? = OA . OE

Solution

+ AC /I BD

From © & @:

_ OB _ 0A
" OE OB

feempeo]

ABC is a triangle, D & H € AB Let DX and HY be drawn parallel to BC and
intersect AC at X & Y respectively. If AD = % BH, DH=3AD & AC=24cm,

then find the length of each of: AX, XY and YC
Solution

~(OB)*=OA . OE

In A ABC:

« DX //HY /] BC
_AD _ AX
""AB  AC

-'-AX:24X1

=4 cm

_AD _ AX 1 4
"DH XY T3 XYy

4 X 3

s XY = =12cm

~YC=24-(12+4)=8cm

First Term | Geometry
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PRACTICE (2)

Q1: Using the information in the figure, /A T
A - D o A k-
determine the length of ET°. . 5
48 cm e
il E & B .
141 cm
el bl C k.

Q2: Given that AC = 7.5cm, BD = 14 cm, FY = 25.2 cm, and FK = 42 cm, determinc the lengths of CX
and DI,

36 cm, 22.5 cm . i
36 cm, 42 cm I
B

45 ¢cm
67.2 cm, 22.5 cm l
T - X
@ 37.5 cm, 42 cm — !

\t
L

@i’%ﬁs First Term | Geometry
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EC=21cm,DB=16cm
EC=28cm,DB=21cm
EC=14cm, DB = 24cm

EC=16cm, DB = 24cm

l2) o) =] (7]

Q3: Find the lengths of EC and DB.

F D B

I E———
ScmlZcm

E x=3,y=6
E X=6,y=36
B x=12,y =18
E X=6,y=9
B X=2,y=9

Q4: In the given figure, find the values of x and y.

First Term | Geometry
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o

3.1 Parallel lines and proportional parts
In the figure opposite: ED // BC . Complete: A
@
A) if 50 =3 then: i =—— and gy =—— _ .
B)if 2L _ 3 then: T == and 53—

C B

@ In the figure opposite: DE // BC . Determine the correct statements in each of the

following:
(A) 2B _AE (@ AD_ED 2
Yook PR
[c (D) &8 _ AC
BD ~ AE — BD T CE E D
AB — CE AC
(Bl 2C _ 2= (F)=— — / \
B 5= B0 = 28 C B

D2x+1 B

- @“m First Term | Geometry
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@ In the figure opposite: AB // DE and AE N BD = {C}
AC = 6cm, BC = 4cm and CD = 3cm.
Find the length AE

@ XY N ZL = {M}, where X7 // LY .If XM =9cm, Y M = 15¢m and ZL = 36 cm,
find the length of ZM .

@ For each of the following, use the figure opposite and the given data to find the value of x

(A)AD=4 _BD=8 ,CE =6 and AE=x. A
(BJAE=x ,EC=5 , AD=x-2 and AD=3.
(C)AB=21 ,BF=8 . FC =6 and AD =x. E D

(D) AD=x ,BF=x+5 and 2DB=3FC=12.

® In each of the following flgures Is XY // B C F B
0y P © B
X
> £
C9%om Y 18cm A &
C A

9cmY 15em

XYZ is a triangle in which XY= 14cm, XZ = 21cm and L € XY where XL = 5,6cm and
M € Xz where XM = 8.4cm. Prove that LM // YZ

(9) In the triangle ABC,D € AB ,E €, AC and SAE =4 EC.
If AD = 10 cm and DB = 8cm. Is DE // BC ? Explain your answer.

@gﬂg@ﬁ First Term | Geometry
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o

ABCD is a cyclic quadrilateral, its diagonals are intersected at E. If AE = 6¢cm, BE =
13cm, EF = 10cm and ED = 7.8 cm. prove that ABCD is a trapezium.

@ Prove that the line segment drawn between two mid points of two sides 1n a triangle 1s

parallel to the third side and 1ts length 1s equal to a half of this side.

@ ABC is a triangle, D e AB where 3AD=2DB andE € AC where 5CE=3A C and
"AX is drawn to intersect BC at X.If AF = 8cm and AX = 20cm where F € AX . Prove

that the points D, F and E are collinear.

3 & &

BD AE
@ ABC is a triangle, D € BC , where — o 3 and E € AD , where a5~ 7 AE IS drawn

to intersect AB at X, DY // CX and intersects AB at Y. Prove that AX = BY.

ABCD is a rectangle, 1ts diagonals are intersected at M. E 1s the mid point of AM, F 1s
the midpoint of MC . DE is drawn to intersect AB at X and DFE is drawn to intersect

BC at Y. Prove that: XY // AC.

@ Write what each of the following ratios equals using the figure opposite: M
A) AB _ DE (B) AC _ -~
S=ETBE T o ~— BC ~ EF 5
(c) MA _MD (D) AC _ - . B o,
AR e — AB ~ DE E / \B
(E) MB _ — (F) MC _ MF < >
— AB DE T i J— / \
(@) BC _ EF /=5 DF AC _ F C
AT — I\H_J = % &
Y T ~ MF i %

In each of the following figures, calculate the numerical values of x and y (lengths are

measured 1n centimetres)

(A) y (B)
= = g
15
y
10 12\\
8 242 B gt2 8 =1

- @mﬂ First Term | Geometry
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!1‘»7. Lhica =) i

@ In the figure opposite:

'AB N CD = {M},E € MB,

FeMD and AC // FE // DB.
Find:

(A) The length of MF .

(B) The length of AM .

AB N ¢cD ={E},xe AB,ye€ CD and XY // BD // AC
Prove that: AX x ED = CY x EB.

In each of the following figures, calculate the numerical values of x and y:

@ fote) @

ABCD i1s a quadrilateral in which AB // CD , its diagonals intersect at M and E 1s the

mid point of BC . EF // BA and intersects BD at X, AC atY and AD atFE.

prove that:

(AJEY= %AB_ (B) AY BX

— CM ~ DM

@%ﬁ@ﬁg First Term | Geometry
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[ Lesson (2) ][ Angle Bisectors & proportional parts ]

> Related Links >

a Classify Properties of bisectors of angles of triangles. \

+ Use proportion to calculate the lengths of line segments
resulting from bisecting an angle in a triangle.

#+ Modeling and solving life problems including bisectors of

\ angles of triangle. )

The bisector of the Interior or (exterior) angle of a triangle at any vertex divided

the opposite side of the triangle internally or (externally) into two parts the ratio

between their lengths is equal to the ratio between the lengths of other two sides.

D C B
Given: AD bisects « BAC
Construction: Draw CO // DA

R.T.P.: Prove that 2= = 22
AC  CD

Proof: .- CO// DA
~m(z2)=m(,4) (Alternative angle)
&m((1)=m(,3) (Corresponding angle)
“m(21)=m(,2) (Given)
~m((23)=m(4)
~ A0 =AC .- CO /I DA
.AB _ BD .AB _ BD
A0 CD A0  CD

@%&@ﬁ First Term | Geometry
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Remarks:

O Converse Of Theorem:

AB
If: —
AC

BD

CD

- AD bisects « BAC

® The bisector interior and exterior:

® The interior bisector 1 The exterior bisector

/A\
D C B

//f\\\
C D B

oA
ie. ~AD 1L AE 1
E C D B
EB  BD
@ ===
EC  CD
., BD .
-+ AD bisects 2 BAC -'-= o = (i)
. . BE .
-+ AE bisects exterior 2 BAC := o = (i)
: - EB _ BD
From (i) & (ii): EC . CD

First Term | Geometry
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feempeo]

In the opposite figure:

AD bisects « BAC and

AE bisects exterior 2 BAC
AB=5cm, AC=3cm,BD =4cm
Find the length of ED

Solution
-+ AD bisects z BAC
. AB _ BD S _ 4
"AC  CD 37 CD
~CD=%2-24cm
-+ AE bisects exterior 2 BAC
. AB _ BE .5 _ BE
" AC  CE "3 CE
.5 _ CE+BC
"3 CE
+BC=4+24=6.4cm a2 LEOA

CE

~5CE =3 (CE +6.4)
~5CE=3CE+19.2 ~2CE=19.2
CE—£—9.6 cm

~ED=96+24=12cm

Well-known problem:

If AD bisects 2 A in A ABC internally and intersects BC at D

then: AD =+AB x AC — BD x DC

First Term | Geometry
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[ Example @ J

ABC is a triangle in which AB = 27 cm, AC = 15 cm. AD bisects 2 A and
intersects BC at D. If BD = 18 cm & CD = 10. Calculate the length of AD.

Solution A

-+ AD bisects £ A 15 cm 27 cm

~ AD=+vAB x AC — BD x DC

~AD=+27 x 15 — 18 x 10
~AD=15cm

C 10cm D 18cm B

| EEERCN |

LMN is a triangle, k is mid-point of MN , MX bisects 2 LMN & cuts LK at X.
Draw XY // MN cuts LN at Y. If Lk = LM prove that KY bisect 2 LKN

Solution
In A LMK:
-+ MX bisects 2 LMN
JML_LX 0
MK KX
In A LMN:
2+ XY /| MN
L. ) ®
XK YN
From © & @: s 20
MK YN
~ MK = KN & ~ LK =LM
LK LY -~ MX bisects 2 LMN
KN YN

First Term | Geometry
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AD is a median of A ABC, « ADB is bisected by a bisector meets AB at X
and XY // BC meets AC at Y. Prove that DY bisects 2 ADC.
Solution

In A ABD:

- DX bisects £ ADB a8 22 /\
DB BX
< X

A
0
Y LY
In A ABC: / .~ \
—_— —_ \\
+ XY // BC == @ [
C / B

BX  CY 7 D
From © & @: LA _ AY

DB CY
-+ AD is a median of A ABC ~BD=CD
DA _ AY

P { - DY bisects 2 ADC
DC . CY

| RN |

ABCD is a quadrilateral AB=6 cm, BC=9cm, CD =6 cm, DA =4 cm, AE
bisect « A to cut BD at E.
(1) Find the ratio BE : ED

(ii) Show that CE bisect 2 BCD

Solution

In A ABD:
-+ AE bisects 2 BAD . AB _ BE

AD DE
.BE _6_3
“DE 4 2
~BE:ED=3:2 (i)
In A BCD:
LB 923 . CB _ BE
"cD 6 2 "cD  DE
= CE bisects 2 BCD (ii)

é;%@ﬁ First Term | Geometry
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PRACTICE

Q1: In the given figure, AB = 35, AC = 30, A

and CD =12.1f BD = x + 10 ~

,what is the value of x?

8 D 154
Q2: In the figure, AD bisccts £BAC, BD = 8, DC = 11
.,and the perimeter of /AABC is 57. Determine the
A
lengths of AB and AC.
[E 4B =52 AC - 16
[E AR =19 A€ = 33
|B AB = 16, AC = 19
[E AB = 16, AC = 22
C D B
Q3: Given that angle A is bisected by DA, A
AB = 38, AC =18, and BC = 28.
Determine the lengths DB and DC.
C D B
[I] DB =14,DC = 14 @ DB=19,DC=9
[?] DB =9,DC =19 @ DB=12,DC = 16

/]
WSWE
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Q4:1f AB =30cm,BC =40cm,and AC = 45cm

,find the ratio between the arcas of the 4 A
NAED and the N\ AEC.
(a] 455
]88 s = o
(c] 8115
(D] 3:4
Q5: Find the lengths of AC and AD in the fisure. A
(A ] AC =55cm, AD = 50 cm
(B | AC = 55cm, AD = 58 cm %,
(¢ ] AC =50cm, AD = 40 cm
(D] AC =58cm, AD = 55cm 3
C D B

- 30 em rt——0 I0 o —>

Q6:: Given that ABC is a triangle in which AC = 10 em, find the value of each of x and y.

)C:\[%,JJZIZ .
[E] x =66,y =8
x:lz,y:\%

l D ‘ x=8,y= \%
B 6em C (¥ +4)cm D
S B First Term | Geometry
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- a2 " al g RN PV,

@ In the figure opposite: AD Dbisects £ A. Complete: A
—~ BD = AC X\
A) =— = B) o=
b DC ------------------------- (_/ CB ------------------------------------
(©) 2= (D) ABxCD=... c D B

@ In each of the following figures: find the value of X (lengths are estimated in centimetres)
A R
@J X2 A B)

@ ABC 1s a triangle. its perimeter 1s 27cm. BD bisects ./ B and intersects AC at D.
If AD = 4cm and CD = 5cm, find the length of AB , BC and AD

@ In each of the following figures, find the value of x then find the perimeter of A ABC.
a) 5 (8) r o (©

Sty

X/
30

C 4 D X B C X B D

m % First Term | Geometry
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4

AAnd .
1aine (Hca I i £

@ ABC 1s a triangle in which AB = 8cm, AC = 4cm and BC = 6cm and AD bisects / A

and intersects BC at D and AE bisects the exterior angle at A and intersects BC atE.

Find the length of DE , AD and AE .

@ In each of the following figures, prove that Xy // BC
&) Dy e ®)

In the figure opposite: ED // XY // BC and
ADxBX =AC x EX. D
Prove that AY bisects ,/ CAD. 4

@%ﬁ@ﬁg First Term | Geometry
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@ ABC 1s a triangle, D BC .D ¢ BC where CD = AB. CE // DA and intersects AB at
E. EF // BC and intersects AC at F. Prove that BF bisects / ABC.

In the figure opposite: ABC is a triangle in which AB = 6em, AC = 9cm and
B C = 10cm. D € BC where BD = 4cm .
BE L AD and intersects AD and AB atE and F respectively.

(A) Prove that AD bisects / A.

(B) Find area of (A ABF) : area of (A CBF)

m @ﬂﬁ% First Term | Geometry
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Applications of Proportionality in the J

[ Lesson (3) ][ Circle
> Related Links >

#+ Find the power of a point w.r.to the circle.

+ Determine the position of a point w.r. to the circle.
#+ Find the measures of the resulting angles from the intersection
of chords and tangents in the circle.

First: Power of a point with respect to a circle

Power of the point A w.r. to the circle M whose radius r is the real number Py(A)
where: Py(A) = (AM)? — r?

Important Notes:

® You can expect the position of point A w.r. to the circle M
If: Pm (A) > 0 then A lies outside the circle.
Pwm (A) = 0 then A lies on the circle.
Pm (A) < 0 then A lies inside the circle.

] ] ] ] =~ D P_‘ 1A1

@ If the point A lies outside the circle M /

then : Py (A) = (AM)* — N \.‘ A
M B

=(AM — 1) (AM +1)
= AB x AC = (AD)?

® If the point A lies inside the circle M
then: Py (A) = (AM)? — r? m
= (AM = 1) (AM +1) T A’

= — (r — AM) (AM +1) (w0
=~ AB x AC

m % First Term | Geometry




First Secondary Futures Language Schools A | 2021-2022

Mathematical Deparin
[ Example © J

Determine the position of each of the following points A, B and C w.r. to the
circle M in which its radius equals 5¢cm, if:

Pm (A) =11, Py (B) =0, Py (C) = —16, then calculate the distance between each
point to the center of the circle.

Solution
PM (A)=11>0 .". A lies outside the circle
P, (A) =(AM)* -1 s 11 = (AM)? - 25 .. AM = 6cm
P, B)=0 .". B lies on the circle .. BM =5cm
P, (C)=-16 .". C les inside the circle
e P (CY=—(CM)F -1 s.-16 =(CM)?- 25 ».CM =3cm

feempee ]

The radius of circle M equals 31cm. The point A lies at 23cm distance from its
radius center. Draw the chord BC where A € BC, AB = 3 AC. Calculate:

(A) Length of the chord BC and the center of the circle.
(B) The distance between the chord BC

Solution
In the circle M:
A -:r=31lcm, AM=23cm,A € BC .". A lies inside the circle, then
PM(A):(AM)E—r: =-AB xAC B

(237 -(31?=-3ACxAC  ..AC=12cm J
= C

.". Length of the chord BC =4 AC=4x12 =48cm

B let the distance between the chord and the centre of the circle be MD where MD L BC

““MD L BC .*. D is midpoint of BC , then BD = 24cm
. (MD)? = (31)* - (24)* = 385 . MD = 385 ~ 19.6cm

First Term | Geometry
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PRACTICE (1)

Q1: A point is at a distance 40 from the centre of a circle. If its power with respect to the circle is 81, what is
the radius of the circle, rounded to the nearest integer?

")
3]«
[
BE

Q2: A circle with centre M and a mark A satisfy MA = 28 cm and By(A) = 4. Using 7 = %,ﬁnd the area

and the circumference of the circle to the nearest integer.

Arca = 88 cm?, circumference = 176 cm

A
B | Area = 2451 cm?, circumference = 176 cm
C

Area = 2451 em?, circumference = 88 cm

D | Arca = 4903 cm?, circumference = 88 cm

Q3: A circle has center M and radius r = 21. Find the power of the point A with respect to the circle given
that AM = 25.

Q4: A circle with centre N has a diameter equal to 38 cm. A point B satisfies NB = 7 cm. Find the power
of B with respect to the circle, giving your answer to the nearest integer.

@ —1395
(8] 312

[c] 1395

@ 312

Q5: A circle with centre M has a radius of 8 cm. The power of a mark A with respect to the circle is 36.

Decide whether A is outside, inside, or on the circle and then find the distance between A and M.

E] On the circle, 28 cm E] Inside the circle, 44 em Outside the circle, 10 cm

> (mes First Term | Geometry
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Second: secant, t ent, and measures of €es

m (¢ BEC)=;[m (BC)+m(AD)]  m(<A)=; [m (CE) - m (BD)]

feamoce]

In each of the following figures: Find the value of the symbol:

v x = %(110° + 60°) 180 —y = %(150° +70°) |~ z=2x%120° — 165°
~ x = 85° ~y=180°—110°=70° |~ Z=75°
D > E F

5
2 x = %(115° — 45°) 2y = 2 X 47° + 56° 2z =165° — 2 X 50°
. x = 35° -~y =150° s Z = 65°

First Term | Geometry
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PRACTICE (2)

Q1: Find the value of =z.

1257

Q2: In the given figure, m CE — m BD = 104°. Determine mZA.
C
B
A
D
E

151

Q3: Determing mCE.

- o First Term | Geometry
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Q4: In the given figure, find m A€ + m BD.

B

5: Find the value of x.

Q6: Given that m-A = 31°,find x.

1167

Q7: Find x.

133

73

3,
URE

Ao

E WSWEMS
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Applications of Proportion in the ;1

Circle 1 i‘ 3-3

i

@ Determine the position of each of the following points with respect to the circle M, of

radius length 10cm, then calculate the distance between each point from the centre of
the circle.

(A)P,(A)=-36 (B) P,(B) = 96

c) P,(C) = zero

@ Find the power of the given point with respect to the circle M which its radius length 1s 1:
@ The point A where AM = 12cm and r = 9cm

@, The point B where BM=8 cm and r = 15 cm

@\) The point C where CM=7cmandr =7 cm

@) The point D where DM= /17 cm and r =4 cm

@ If the distance between a point and the centre of a circle equals 25cm and the power of

this point with respect to the circle equals 400. Find the radius length of this circle. ...

@ The radius length of circle M equals 20cm, A 1s a point distant 16cm from the centre of

the circle, the chord BC is drawn where A € BC and A B =2 A C. Calculate the length
of the chord BC .

@%@gg First Term | Geometry
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@ In the figure opposite: the two circles M and N are intersected at A and B
where AB N CD N EF ={X},XD=2D C,EF = 10cm and
P, (X) = 144.

X

[A_,.\.- Prove that AB 1s a principle axis to the two circles M and N.

@] Find the length of XC and XF E

(C) Prove that CDFE is a cyclic quadrilateral.

&) B0 B) b A © .
“ 7y- A
A ] 130° .
: gl X
B

(\G/ XO_)\ (Hj C A
& D
55X 65°
75 A s
(7) In the figure opposite: m(” B A C) = 33°. m(/ B D C) = 70", 100°
— 5 — S, YAC

m(AB) =94° , X( CY ) = 100° Find the measure of each of: E
(A) xv X 4
B) AX ,B
EE_J / BEC A 04°

é;aa&ngg First Term | Geometry
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[ Unit Test }

@ complete each of the following:

[:A;,'f The bisectors interior and the exterior of an angle of a triangleare .

(B) The bisectors of the angles of atriangle mtersectat oo eI

[E, If a line 1s drawn parallel to one side of a triangle and intersects the other two sides,
5 5 S

LD: The exterior bisector of the vertex angle of an isosceles trangleis ...

__________________________ the base of the triangle.

@j If the power of a point A with respect to the circle M is a negative quantity, then A

S

@ Use the given in the following figures to find the value of the symbol used in measure.

S
C)

fy-5)em [E3cm B

@ M and N are two intersecting circles at A and B.
ED 1s a common tangent to the two circles M and N at D
. —— —
and E respectively. BA M DE ={C}
A ) Prove that BC 1s a principle axis of the two circles.
(A) Prove that principl f the ¢ 1

'fB\; If AB = 9cm and P (C) = 36, Find the length of ca and CD

@%@g@ First Term | Geometry
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Lesson (1) [ Directed Angle ]
S Rented Unks>
a Identify Concept of directed angle. \

+ |dentify Standard position of directed angle.
+ |dentify Positive and negative measure of the directed angle.
+ Express Position of the directed angle in the coordinates

\ plane. J

The measure of the directed angle AOB # Terminal Side
the measure of the directed angle BOA.

Initial Side A

[ Positive and negative measures of the directed angle ]

©® The measure of the directed angle is positive if the direction of the arrow from
the initial side to the terminal side is anticlockwise rotation.

® The measure of the directed angle is negative if the direction of the arrows is a
clockwise rotation.

Remarks |

© Each directed angle in its standard position has two measures. One of them is
positive, the other one is negative, the sum of their absolute values = 360°

® If x°is the positive measure, then its negative measure = x° — 360°

® If (—x°) is the positive measure, then its negative measure = 360° — x°.

(ORIl IR EYETOI RN I 0° is the measure of the directed angle in its
standard position, then the co-terminal angles can be fined by:

6°= 0° £ n X 360°
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Determine the quadrant in which each of the following angles lies:

O 48°

O 48°

| 217°
© 135°
@ 295°
© 270°

@ 217° ® 135° O 2050 ® 270°
Solution
A90°

lies in 1% quadrant X
. 2™ quadrant | 1™ quadrant
lies in 3" quadrant 180° Ea
lies in 2" quadrant . 360°

3% quadrant | 4™ quadrant

lies in 4" quadrant

lies in y-axis

270°y

[Eanpee]

Determine the negative measure of the angles whose measures as follows:

Q 32°

0 32°
| 270°
© 56°
@ 210°

O 315°

® 270° © 56° O 210°

Solution

© 315°

The negative measure = 32° — 360° = — 328° [32° = — 328°]
The negative measure = 270° — 360° = — 90° [270° = — 90°]
The negative measure = 56° — 360° = — 304° [56° = — 3049]
The negative measure = 210° - 360°=—-150° [210° = — 150°]
The negative measure = 315° — 360° = — 45° [315° = — 459]

First Term | Trigonometry




First Secondary e ]3‘ | 2021-2022

Math atical Deparin
Example © J

Determine the positive measure of each of the following angles:
O -46° O -246° ® -186° O -300° ® -97°

Solution

O - 46° The positive measure = —46° + 360° = 314° [-46° = 314°]
® -246° The positive measure = —246° + 360° = 114° [-246° = 114°]
® -186° The positive measure = -186° + 360° = 174° [-186° = 1749]
O -300° The positive measure =-300° + 360° = 60° [-300° = 60°]
® -97° The positive measure = -97° + 360° = 263° [-97° = 263°]

[eempeo]

Determine the quadrant in which each of the following angles lies:

O 530° ® 1652° ® - 740°
Solution

O 530° ~+ 530° equivalent to 170°

2+ 170° lies in 2™ quadrant ~ 530° lies in 2" quadrant

® 1652° + 1652° equivalent to 212°

2+ 212° lies in 3" quadrant ~ 16520 lies in 3" quadrant

© — 740° "+ — 740° equivalent to 340°

2+ 340° lies in 4™ quadrant « —740° lies in 4™ quadrant

First Term | Trigonometry
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PRACTICE

Q1: Find the first negative angle which is coterminal with 190°.

Q2: Find an angle with a positive measure and an angle with a negative measure that are coterminal with
an angle of 332°.

A | 512°, —28°

B | 602°, —28°

[EJ 28°, —332°
[EJ 692°, —28°
[EJ 28°, —692°

Q3: Find one angle with positive measure and one angle with negative measure which are coterminal to an

angle with measure 2; . IGiven that: @ =4 BDOI

(o

e

Q4: Given the angle &;K ,find the principal angle. fGiven that: 7 =180°

First Term | Trigonometry




First Secondary PUNERE E S SOt /\ | 2021-2022

Q5: Given the angle —23?}{ ,find the principal angle. IGiven that: n‘:m[}ol

— 5w
Bad s
o 3
5] 75
=
L5
— 3x
-y
—\ Sx
2

Qo: Find the smallest positive equivalent of 788°.

|Q?: Find the positive value of an angle coterminal with 25°.

Q8: Find one angle with positive measure and one angle with negative measure which are coterminal to an

angle with measure 3; : IGiven that: 77 =1 BDOI

ol
2] A

=]
Ln
G‘-=1
[
b3 &

(]
SERRRY
ST

-

Q9: Find the measure of £8.

45°

IUnES First Term | Trigonometry
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Q10: In which quadrant does the angle —242° lie?

third quadrant

E] fourth quadrant

first quadrant

@ second quadrant

Q11: Which of the following angles is not equivalent to an angle measuring 25° in standard position?

(4] -5

(3] -5

(] s

(0] 255

Q12: Find a positive and a negative coterminal angle for 340°.
A | 10° and —690°

B | 690° and 10°

¢ | 20° and —700°

‘D | 700° and —20°

“E | 700° and —700°

_ S S First Term | Trigonometry
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4 -1 Directed Angle

@ Complete:
@ A directed angle 1s in the standard position if

(B) It is said that the directed angles in the standard position are equivalentif
(C) A directed angle is positive , if the rotation of the angle ... and 1s negative,
if the rotation of the angle ...

(E, If the terminal side of the directed angle lies on one of the coordinate axes, then it is

called ...
(E)If (0) is the measure of a directed angle in the standard position and n € Z , then
(@ +nx360°)iscalled ... angles.

(F) The smallest positive measure of the angle whose measure 530°is ...
= o 1s
(G) The angle whose measure 930° liesinthe . quadrant.

Uj | ) The smallest positive measure of the angle whose measure -690°is .

@ Which of the following directed angles is in the standard position ...

Y ® Y ® o} ® Y
< DR | —
X v X = o ¥ ¥ I X Ji. X
A Y, Y Y,
y y A\

v < P

@ Find the measure of the directed angle 8 in each of the following figures:

® o )© (O . ©® X
A 54° "

First Term | Trigonometry




First Secondary PudoS Lufigusps Sohoo A | 2021-2022

Mathematical Depa

@ Determine the quadrant in which each of the following angles lies on:
() 24° (B) 215° (©) -40° (D) —220° (E) 640°

@ Show by drawing each of the following angles in the standard position:
(A)32° (B) 140° (c)-80° (D) -110° (E) -315°

@ Determine a negative measure for each of the following angles:

(a) g3° (B) 136° (¢) 90"
(D) 264° (E) 964° (F) 1070°

® Determine the smallest positive measure of each of the following angles:

(a) -183° (B) -217° (€) -315° (D) -570°

In the figure opposite: which of the directed Y
angles in the following ordered pairs is in the G 1E z
standard position? why? o
T — — N S — .,’CJ f
(A)(oa, op) (BJ(0G,0C) “H 0 A B
© (ar, ac) ([ (OE,oD)
(E)(op,0G) [(FJ(oB,0G) vy

_ S T First Term | Trigonometry
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Lesson (2) [ Systems of Measuring Angle ]

S elated lnks >

\
#+ |dentify Concept of radian measure of an angle.
4+ Classify Relation between radian and degree measure.
4+ Find the length of an arcin a circle.
\_ W,

Definition . If 0™ is the radian measure of the
7 central angle in a circle of radian
r subtends an arc of length /, then
length of the arc equals the product of
the radian measure of the central angle

and the radius of its circle:

[ /=0 «r J

{ Systems for measuring ]

First: Degree measure system
Second: Radian measure system

The radian measure of a central angle in a circle

’ 1°=60" ,1'=60"

_ The length of the arc subtended by the angle

The radius length of this circle

Important Rules J

®L=07dxr Or=

First Term | Trigonometry
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Relation between the degree measure and the radian l

° gr'ad—> T

e —— 180°

Important Rules J

9° erad

= @ grad = go x ©@° = grad x 5%
180° T 180° T

T

feamco]

Find the degree measure (in degree, minute and second) of each of the
following angles whose radian measures is 2. 274
Solution

2.277ad — 2 27rad » 180° ~ 7 = 130.06° = 130° 3’ 41"

feampce]

Find the degree measure and radian measure of the central angle that subtends
an arc of length L in a circle of radius length r if L=12 cm., r =10 cm.

Solution

:E -1 zrad
10 '

L=12cm., r=10cm. grad —

N

0° = 1.2 x 180° + 7 = 68.75° = 68° 45' 18"

feampco]

Find the radius length of the circle if the measure of the central angle drawn
in it is @ and the length of subtends arc (L) if:8 = 0.7677%¢,L = 38.35 cm.
Solution

£ 38.35

0= 0.767"4 L =38.35cm. r= — —
Brad 0. 767rad

0 cm

First Term | Trigonometry
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Find the length of the arc in a circle with radius length r to nearest one
decimal digit of cm. if it is opposite to a central angle with measure 0 if:
r=20cm.,0 = 2.437d

Solution

r=20cm., 0 =243 £ =074 x =2 4372 x 20 = 48.6 cm

| EEERCN |

Geometry: the radius length of a circle equals 4 cm. The inscribed angle /A B C of

- . - - TN
measure 30° 1s drawn 1in it. Find the length of the smaller arc AC

Solution
. 0° =60°
[measure of the central angle = 2 measure of the inscribed angle]
0 = 60° x 7+ 180°=m r=eid=§t=%cm

- Circumference of thecircle=2mTr=2 X T X % =24 cm

[Eanpco]

Geometry: In the figure opposite: if the area of the right angled &
triangle M A B at M equals 32 cm? , then find the perimeter of
the coloured figure to the nearest hundredth. ...
B A
Solution
= Area of A MAB = 32 % Base x height = 32
~ AM X BM = 64 . 1% =64 ~r=8cm
074 = 90° x 7+ 180° = + £(AB) = 0™ x 1 =>m x 8 = 4w cm

=~ Perimeter of shaded part =8 + 8 + 41t = 28.57 cm

First Term | Trigonometry
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PRACTICE (1)

Q1: Convert g to degrees.

Q2: Convert 0.5 rad to degrees giving the answer to the nearest second.

@ 90°

0°9'33"

a](=]

0°31"

28°38'52"

57°17'45"

[EJ ]|

Q3: Convert —3.3 rad to degrees giving the answer to the nearest second.

126°

e

170°55"26""

c | 359°56'33"
D | 358°56"58""
E | 341°50"52"

Q4: A gymnast circles a pommel horse by an angle of 50°. Find the angle in radians giving the answer to
one decimal place.

Q5: Find the values of two angles in degrees given their sum is 74° and their difference is z Give the

answer to the nearest degree.

@ 52° 22
@ 62°, 22°
(c] 62,12
@ 62°, 32°

First Term | Trigonometry
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2
Q6: Find the values of two angles in radians given their sum is 74° and their difference is T{ . Give the

answer to two decimal places.

E] 0.3 rad,1.17 rad
E] 0.47 rad, 0.99 rad
E] 0.3 rad, 0.99 rad

E] 0.47 rad, 1.17 rad

| Q7: Convert 142°46°48"" to radians giving the answer to three decimal places.

(Q8: The shadow of a sundial changes at a rate of 15° every hour. Find the angle of the shadow’s position
5 hours after sunrise giving the answer in radians to three decimal places.

Q9: Convert 360° to radians giving the answer in terms of .

360
T

o] (=] [»]
(= T oS 1

2

_?|_

E] 3607

What is the equivalent measure of 360° in radians?

= EEE ) 8

IUnES First Term | Trigonometry
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PRACTICE (2)

Q1: Find the length of the blue arc given the radius of the circle is 8 cm.

Give the answer to one decimal place.

2m 2 : =
0Q2: An arc has a measure of 5 radians and a radius of 9. Work out the length of the arc, giving your
answer in terms of x, in its simplest form.
A | 9
B | 37
C | 27
D | 187
E | 67
T _
Q3: Anarc has a measure of 3 radians and a radius of 6. Work out the length of the arc, giving yvour
answer in terms of &, in its simplest form.
2
8
=] 5
. 2
7
4
Bk
3
-
3

S s First Term | Trigonometry
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o | Degree measure and radian
4 -2 { measure of an angle

First: Multiple choice:

@ The angle of measure 60° in the standard position is equivalent to the angle of measure:

(a) 120° (B) 240° (©) 300° (D) 420°

@ The angle of measure3lTﬂlies in the quadrant
@ First '@ second (Qj third @J fourth

@ The angle of measure _977[ lies in the. quadrant
(A) First fB\J second (CJ third (D) fourth

@ If the sum of measures of the interior angles of a regular polygon equals 180° (n — 2)
where n 1s the number of its sides, then the measure of the angle of a regular pentagon in
radian measure equals:

A) L B) 1% ) 3 D) 2%
&) £ () 2- c) = (o) =

T,
@ The angle of measure —— its degree measure equals

(A) 105° (B) 210° (©) 420° (D) 840°
@ If the degree measure of an angle is 64° 48' , then its radian measure equals .
(A) 0.18%¢ (B) 036w (€)o18z (D)o36n

@ The arc length in a circle of diameter length 24 cm and opposite to a central angle of
measure 30°1s ...
( A,/ 27T cm f@ 377 cm @ 47T cm @ 57T cm

The measure of the central angle in a circle of radius length 15 cm and opposite to an arc

length 57Tcm equals

(A) 30° (B) 60° (c) 90° (D) 180°

First Term | Trigonometry
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lica e 1

@ If the measure of an angle of a triangle equals 75° and the measure of another angle

equals % then the radian measure of the third angleequals ...
OE (B) L c) &L DEL
e 6 man 4 S 3 Sl 1 2

Second: Answer the following questions:
In terms of 7, find the radian measure of the following angles

(A) o225 (B) 240° .
(©) asse ..o (D) 300°
(E)390° (F) 780° o

@ Find the radian measure of the following angles approximating the result to the nearest
three decimal places:

(A) 56.6° (B) 25° 18 (€) 160° 50' 48"

@ Find the dgree measure of the following angles approximating the result to the nearest

second:
(A)0.497 (B) 2.27m¢ (©) -3Lms

@ 0 is a central angle in a circle of radius r and subtends an arc of length L :

'ﬁj If r=20cmand 8=78°15'20"thenfindL.. (to the nearest tenth)
(B)IfL=273cmand 8 =78°0'24" then find r. .. (to the nearest tenth)

A central angle of measure 150° and subtends an arc length 11cm. Calculate its radius length

(to the nearest tenth ).

@ Find the radian and degree measure of the central angle which subtends an arc length 8.7cm

i a circle of radius length 4cma.

ﬁgﬂ;ﬁ:@ﬁ First Term | Trigonometry
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Geometry: the measure of an angle of a triangle is 60° and the measure of another angle
1s % Find the radin measure and the degree measure of the third angle.

@ Geometry: the radius length of a circle equals 4 cm. The inscribed angle /A B C of

measure 30° is drawn in it. Find the length of the smaller arc AC

Geometry: In the figure opposite: if the area of the right angled _

SRR
triangle M A B at M equals 32 cm? , then find the perimeter of

the coloured figure to the nearest hundredth. S

Geometry: the diameter length in a circle equals 24cm and the chord ‘A Cis drawn such

that m (~ BAC)=50°. Find the length of the smaller arc A€ approximating the result to
the nearest DUNATEATIL. ... e s e
Distances: What 1s the distance covered by the point on the end of the minute hand in 10

minutes, if the hand length is 6cm?

@ Astronomy: A satellite revolves around the Earth 1n a circular path way a full revolution
every 6 hours. If the radius length of its path way equals 9000km, then find its speed in

First Term | Trigonometry
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Lesson (3) [ Trigonometric functions ]
> Related Links >

a Identify Unit circle. )
+ Define Basic trigonometric functions.
+ Find Reciprocals of basic trigonometric functions.
4 Recognize Signs of the trigonometric functions.
\ g g g )
The unit circle l g
(0,1)
xZ + yZ =1 (xa}f)
The basic trigonometric functions J x! / :y a
(-1,0) Oolz J1,00
/COS 0=x N
) (0,-1)
Sing =y .
¥
Sin O
Tang = =200

The co-terminal angles have the same trigonometric functions

e Cos (0 +2nm)=Cos 6 =x
eSin(@+2nm)=Sind =y
eTan(@+2nm)=Tan g =2

X

Definition of the reciprocals of the basic trigonometric functions

First Term | Trigonometry
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m2=90
3
- + +
The signs of the 2nd quadrant ) 16t quadrant
ﬁ m
trigonometric = 136" < Csc » 0°3602 211

Qy
- ot Se
functions 4th quadrant

3rd quadrant
d CA )
L

¥

3r2 = 270"

| EEERN |

Determine the signs of the following trigonometric functions:

O tan 320° ® sin 160° ® sec 750° O csc 4?” ® cos (—200°)
Solution

© tan 320° »+ 320° lies in 4™ quadrant

=~ tan 320° is negative

® sin 160° =+ 160° lies in 2" quadrant

=~ sin 160° is positive

© sec 750° =+ 750° = 30° lies in 1% quadrant

= sec 750° is positive

O csc 4?” 4?" = 4?” X 180° + 7 = 144° lies in 2" quadrant
41T . .-

* €SC — is positive

® cos (—200°) »+ —200° = —200° + 360° = 160° lies in 2" quadrant

= €0S (—200°) is negative

First Term | Trigonometry
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[eempee]

If 0 is the measure of a directed angle in its standard position, B is the point
of the intersection of its terminal side with the unit circle, find all
trigonometric functions of 0 in each of the following cases:

3 4 5 12
®(-33) @ (535) ©(06,y),y>0
Solution
3 4 o - (=3 %) iesin 2™
@ (_E ’E) s xIs—ve &y is +ve - ( - ,5) lies in 2™ quadrant
. _4 __E :_3
Slnﬂ—g Cos B = - Tan 6 3
_> . S
Csce—z Sec O = 3 Cot 6 ”
5 12 . . 5 12 . .
® (1—3 1—3) v x IS +ve &y is +ve (1—3 E) lies in 1% quadrant
Sin@ = = Cosf = = Tan@ = =
13 13 5
= _ B 1
Csc(—)—E SecH = - Cote—12
®(06,y),y>0 wx24+y%2=1 ~ (0.8 +y*=1
~y*=1-0.36 ~y*=0.64 ~y=+1/0.64=0.8 (y>0)
(3 * o - (3 M lies in 1
o (5 ,5) s xis+ve &y is +ve o (5 ,5) lies in 1° quadrant
. _ 4 . E . f
SmG—E Cos@—5 TanG—3
CscO = > Secf = 2 Cot® = >

First Term | Trigonometry
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[ Example © J

If0 €] 3711 ,21 [ and cos 0 = 1—53 , find all trigonometric functions of 0

Solution
o Cose—i X _i .o xz _l_ 2 _
o —13 o —13 o y —_=
(E) +y2= g 25 L2 144
"(13) Ty = ~y =1 169 “Y = Teo
=t (12 [OE]B—n,ZT[[]
Sin9=—i—: CosG=1—53 Tan9=—1—52
Csc® = —g SecO = § Cot® = —%
Special Angles
0 ST Cos Tan @ ‘
0° or 360° 0 1 0
90° = g 1 0 undefined
180°=m 0 -1 0
270° = 37" -1 0 undefined
o_T 1 V3 S
30°=7% 7 > 7
o_T V3 1
60 T3 > 2 V3
o_T 1 e
45 = 5 5 1

feampeo]

4 sin 30° sin 90° — cos 0° sec 60° + 5 tan 45° + 10 cos? 45° sin 270° — tan 30° sin 180°

Find the value of:

Solution
4 sin 30° sin 90° — cos 0° sec 60° + 5 tan 45° + 10 cos? 45° sin 270° — tan 30° sin 180°

VZ\° V3

:4><1><1—1><2+5><1+10><(—) ><—1——3><0=O
2 2 3

First Term | Trigonometry
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| EEERCY |

Prove that:
sin® 60° + sin” 45° + sin” 30° = cos® = sing - % tan g Cos T + co g sin%"
Solution
L.H.S. = sin® 60° + sin® 45° + sin” 30°
(8 (2 -
R.H.S. =cos® = sing - % tan’ g cos 1t + cos’ g sm— {Mﬂ = 180°}

= cos® 30° sin 90° — g tan? 60° cos 180° + cos® 60° sin 270°

=(g)le—gx(\/?)zx—1+(§)2x—1=3
PRACTICE (1)

Q1: Find sin &, given € is in standard position and its terminal side passes through the point (% —i)

5

2]

nl by n|

3

=)
4

5]

3 4
Q2: Find tan € given € is in standard position and its terminal side passes through the point (—— ——).

L] b ] L

B &

First Term | Trigonometry
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L ]

Ln| -
Ll L

Q3: Find sec@, given @ is in standard position and its terminal side passes through the point (

).

nl b Lnlf falin Lalln

PRACTICE (2)

Q1: The terminal side of @ in standard position intersects with the unit circle at the point B with

coordinates (i E) .Find secB.
17" 17

17
8

=) (o) (=) (3]
5

Q2: The terminal side of 2AOB in standard position intersects with the unit circle at the point B with
coordinates (—x,—x) where x is a postive number. Find sin 6.

1
Dlier:
@1
of!
@—1

4@1@%&'{1&{ First Term | Trigonometry
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PRACTICE 3)

Q1: Determine the quadrant in which 8 lies if cos@ < 0 and sinf < 0.

[I] the third quadrant
[?] the second quadrant
[F] the fourth quadrant

[E] the first quadrant

Q2: Determine the quadrant in which @ lies if cos@ > 0 and sin@ < 0.

@ the first quadrant
@ the second quadrant
@ the third quadrant

@ the fourth quadrant

Q3: The angle 8 is in standard position where sec8 < 0. In which quadrants does the terminal side of 9 lie?

first or third
second or third
first or fourth

@ second or fourth

Q4: Determine the quadrant in which 8 lies if cos@ < 0 and sin 8 > 0.

@ the first quadrant
@ the fourth quadrant
@ the second quadrant

@ the third quadrant

S s First Term | Trigonometry




First Secondary e A | 2021-2022

Mather tical Depa

Trigonometric Functions - 4-3

First: Multiple Choice:

@ If O is an angle in the standard position and its terminal side passes through the point

3 ’
(%, T)’ L I U R

op! ®) L ©7 OF 1
2 73 2 73

@ If sin 0 = % where 0 is an acute angle , thenm (/ 6 ) equals
(A) 30° (B) 45° () 60° (D) 90°

@ If sin @ =- 1, cos 6 =0 , then the measure of angle 0 equals
op ® ©= OF

@ If csc O =2 where 0 is the measure of an acute angle, then measure of angle € equals........

() 15° (B) 30° (€) a5° (D) 60°
@ If cos O = % .sin @ =~ g , then measure of angle 0 equals ...
ez ®z ©f o

@ If tan O = 1 where O is a positive acute angle, then measure of angle 6 equals ...

(A) 10° (B) 30° (€) 45° (D) 60°

@ tandy’ Fepbds™ see 60 aquals. o nnps s SS——

(A) Zero G z ) Tj @1
v 3 : ;
If cos O = —— where 0 is an acute angle , then sin 6 equals.......
a) 1 o) 1 2 ™ ﬁ
a)l (B) L () = C)pas
2 : /3 3 2

First Term | Trigonometry
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Second: Answer the following questions:
@ Find all trigonometric functions of angle @ drawn in the standard position and its terminal

side intersects the unit circle and passes through each of the following points.

Y2 V5 V2 /2 ) Y3 1 D) (.3 _4
A G 3) l"Bl(T’T @J(T,E ) 5.3

If O is the measure of the directed angle in the standard position and its terminal side
intersects the unit circle at the given point, find all trigonometric function of the angle 6

in each of the following cases :

LEJ (3 a,-4a) Where a > O e
(B) (%a, -2a) where STE O 2 e

@ Determine the sign of each of the following trigonometric function:

(A) sin 240° (B) tan 365° (C) esc 410°
T 21 E) e 207
D) cot =~ (E) sec- 2L (F

[_ cot 7 E ) sec 7 _J tan )

@ Find the value of each of the following:

(A) 7T .3 . T
\AJ cos —-x cos 0 +sin T S

(B) tan?30° + 2 in245° + OS2 90°

- @m,_s First Term | Trigonometry
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Lesson (4) [ Related Angles ]

Lesson objectives

> Related Links >

angles (6,60 +90°), (6

(4- Classify the relation between trigonometric functions o?
,0 £ 180°) and (6,6 £ 270°).

+ Find the general solution of trigonometric equations in the
\_ form:sinx=cosy, cscx =secyand tan x =coty

J

Remember that:

sin (90° — 0) = cos O

csc(90° — 0) = secH

cos (90° — 0) = sin O
tan (90° — 6) = cot©

sec(90° — 0) = cscO
cot (90°—0) = tan 6

sin (—0) = —sin 0

csc (—0) = —csc o

cos (—0) = cos 0
tan(—0) = —tan©

sec (—0) = secO
cot (—0) = —cot 6

sin (360° — 0) = —sin O

csc (360°—0) = —csc O

cos (360° — 0) = cos O

tan (360° —0) = —tan©

sec (360° — 0) = secO
cot (360° —0) = —cotH

sin (90° 4+ 6) = cos 6
cos (90° 4+ 0) = —sin 6
tan (90° + 06) = —cot 6

sin (180° —0) = sin®

csc (90° + 6) = secO
sec (90°+ 0) = —csc 6
cot (90°+ 0) = —tan®

csc (180°—0) = cscO

cos (180° —0) = —cos 6
tan (180° —0) = —tan©

sec (180° — 0) = —secH
cot (180° —0) = —cotH

sin (180 + 6) = —sin 6

csc (180 + 6) = —cscO

cos (180 + 6) = —cos 6
tan (180 + 6) = tan 6

sec (180 + 6) = —secH
cot (180 + 6) = cot O

sin (270 — 0) = —cos ©

csc (270 — 0) = —secO

cos (270 — 0) = —sin 6
tan (270 — 0) = cotH

sec (270 — 0) = —cscO
cot (270 —0) = tan 6

sin (270 + 6) = —cos 6
cos (270 + 0) = sin 6
tan (270 + 6) = —cotH

csc (270 4+ 0) = —secH
sec (270 + 0) = cscH
cot (270 + 6) = —tan 6

First Term | Trigonometry
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An Important remark l

¥Ya

T2 = 90" 2nd quadrant 1st quadrant
p (~+) | (+.%)
nd quadrant 1st quadrant 180 -8 0
(2] SN
0 Csc 0 ol L
TT=180 < Ton T Cos » 0, 360=2m < >
\Qy \’/
3rd quadrant G 4th quadrant 180+ 6 360 -8
¥ 3rd quadrant 4th quadrant
32 = 270" y ¥ 4
| EEERN |
Find the value of each of the following:
O sin 240° ® cos 5?” ® cos570° O tan 14—" ® tan (-150°)
Solution
. N L V3
O sin 240° = sin (180° + 60°) = — sin 60° = -

A cos 5?” = co0s 300° = cos (360° — 60°) = cos 60° = %

© cos 570° = cos 210° = cos (180° + 30°) = — cos 30° = — ‘/j
® tan MTn = tan 840° = tan 120° = tan (180° — 60°) = — tan 60° = —/3

@ tan (-150°) = tan 210° = tan (180° + 30°) = tan 30° = ?

First Term | Trigonometry
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Math atical Depart
[ Example @ J

If cosc=- % where ¢ € ]90°, 180°[ , find the value of each of the following:

O sin (180° - ) ® sec (360°-c) X — COS
® cos (-C) O tan (c - 180°) y — sin
® cos (180° + ¢) — cot (270° + ¢)
Solution
x2+y2=1
2
_x 2 _
. ) +y =1
2 _q_1_2°9
ye=1 25 25
ry=+ |==+2 ¢ €]90°, 180°[
y== 25 75 '
cliesin 2" quadrant .~y = % ~sincs= z
: 3 4
SmC=§ CosC=—E TanC = -
5 5 _3
CscC—E SecC——Z CotC =

O sin (180°—-c) =sinc :g

® sec (360°—c)=secc=—

| Ul

® cos(-Cc)=cosc=—

Ut |

O tan (c — 180°) = tan (c — 180°+ 360°) =sin (180°+c) =—sinc = —%

6cos(1800+c)—cot(2700+c):—COSC—(—tanc):—(— §)+§:

32
15

First Term | Trigonometry
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Remarks ]

e Ifsinx=cos ,thenx £y =90°+ 360°n
e Ifcscx=sec ,thenx £y =90°+360°n
e Iftanx =cot ,thenx+y =90°+ 180°n

e If x & y are complementary (sum = 90°), then: sin x = cos , tan x = coty

and csc x =secy

feempeo]

If sin (3 x + 28°) = cos (2 x — 139), find the values of x where 0° < x < 90°

Solution

~sin (3 x + 28°) =cos (2 x — 139)

s (3 x+28°% + (2x—13% =90° + 360°n

s (3 x+28% + (2x—13° =90° + 360° n
s 3x +28°+ 2x — 13°=90°+ 360°n

~5x+15°=90°+ 360°n
Atn=0

~ 5x + 15° = 90°

~ 5x = 90° — 15° = 75°

- x = 15° < 90° vV
Atn=1

~ 5x + 15° = 90° + 360°

~ 5x = 450° — 15° = 435°
- x = 87° < 90° vV

~ The values of x are:15°, 49° & 87°

s (3x+28% — (2x—13° =90° + 360°n
s 3x + 28°—2x +13°=90°+ 360°n

-~ x+41°=90°+ 360°n
Atn=0

~x +41° = 90°

sx =90° —41°

- x = 49° < 90° V
Atn=1

~ x +41° = 90° + 360°

- x = 450° — 41°

s~ x = 409° > 90° X

First Term | Trigonometry
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Mathematical Depariment
Example @ J

Ifce]Qe°, g [ and if tan (2c + 15°) = cot (3¢ —5°), find the values of ¢

)

Solution
*+ tan (2¢ + 15°) = cot (3¢ — 5°) ~ (2c+ 15°% 4+ (3¢ —5°) =90° + 180°n
~ 20+ 15°+3c—-5°=90°+ 180°n ~5c+10°=90°+ 180°n

~ 5c + 10° = 90° -~ 5¢c =80° ~Cc=16° < 90° v

~5c+10°=90°+ 180° .. 5¢=260° -~ C=52°< 90° vV

~5C+10°=90° + 360° .. 5¢C=440° ~ C=88°<90° vV
~ The values of c are:16°, 52° & 88°

[eempeo]

If cos 0 = % where 0 € ]0°, 360°[ , find the possible values of 0

Solution

1
s cos 0 =- 2 =90

2
~ 0 lies in the 1% or 4™ quadrant 180 - © olen ©

1 2nd quadrant E_’_ 1st quadrant
Let cos x = > ﬁ m )
M= 180" < osc > 07360=2m

S x = 60° \EE/
ot | Se
3rd quadrant Al 4th quadrant
1804+0 + 360-0
32 =270
0 in 1% 0 in 4™
“0=x - 6= (360° — x)
-~ 0=60° .~ 0=300°

= The values of 0 are:60° & 300°

First Term | Trigonometry
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Math atical Departm

feempeo]

Find the S.S. of the equation: 4 cos’°x—3=0,wherexe[0,2n]

Solution YA

2nd quadrant 1st quadrant

180 -8 g
X X

2y =3 X
SIN” X = 2 \’/ >
E v 180+ 0 360 -
SIN X = i\/; - i? 3rd quadrant v 4th quadrant
sinx:? nsinxz—?
~ X lies in 1% or 2" quad. ~ x lies in 3" or 4™ quad.
Letsin @ = \/2_5 -0 =60° Letsin @ = ? s 0 =60°
x in 1% X in 2"° X in 3% x in 4
X=0 X=180—-06 x=180 406 X=360—06
S~ X=60° S~ X=120° s X = 240° -~ X=300°

~S.S.={°,120°, 240°, 300° }

| EEERICN |

Find the general solution of the equation: sin 20 = cos 50, which satisfies the

equation.

SN 20 = cos 50
559i29:§+2nn

a50+20:§+2nn

Solution
~ 50 + 20 =90°+ 360° n

559—29:§+2nn

A79:§+2nn

:-39:§+21tn

_n' 2w
- 0 el

First Term | Trigonometry
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PRACTICE (1)

Q1: Simplify cos (360" — £).

@ —cosd
(B coso
@ sing
@ —sin6

Q2: Simplify tan (180° —8).

Q3:Using the fact that cos 8 = sin (90" — &), which of the following is equivalent to cos 35°7?

@ s[n135°
[B| —sin3s°
[c] sin3s°
(D] sin14s°
|E] sin 55°

Q4: Simplify tan (360° — ).

[E] tan 6
] ~tng
(9] ento
[ D | —cot8

First Term | Trigonometry
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Q5: Which of the following is cquivalent to sin 23°?

@ —cos23°
@ cos 157°
@ cos 23°

1
@ cos 23
[E cos 67"

Qe6: Which of the following is equivalent to cos40°?

[E] sin 140°
@ — sin 40°

@ sin 50°
sin 40°

1
sin 40°
Q7: Which of the following is equal to —cos87?

sin (3; 45 8)

sin (% + E?)

First Term | Trigonometry
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PRACTICE (2)

Q1: Find sin @ given 51 cos (90° — &) = 24 where 8 is a positive acute angle.
A _8 15
A e e
4] 3 < n
15 ]
iRt i

Q2: Which of the following is equal to sin8?

E CoS (g +5)

3
Q4: Find the value of cos(90° + 8) given sinf = z where 0° < 8 < 90°.

)
r..n||-l=L

[0 0 [T (8

First Term | Trigonometry
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Q5: Find the value of sin (180° — x) + tan (360° — x) + 7sin(270° — x) given sin x = % where 0° < 8 < 90°

Bk

139
20

52

tan 57
Qe6: Find the value of sin (—60%) cos 30° + =

a

giving the answer in its simplest form.

] -5
(2]
)
o) -

sin (90 — x)sin(x)

Q7: Find the value of c0s (90 — 2x)

@ 1

@ cos(90 — x)
()5

[p]2

|B sin(2x)

@g{ﬁ First Term | Trigonometry
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PRACTICE Q)

Q1: Find the value of cos 135° + tan 135° + ¢sc 225° + cos 225°.
m 1+4/2

) s
14+ 242
(5] -2/3-1

Q2: Calculate sin 315° cos45° — cos 120° sin 330° .

F N

BlENENE

e S R N

Q3: Caleulate 4sin 330° sin? 240° — cos 270° sec 240° + sin 2707 cos? 135°.

=] o] (=] [=]

Q4: Evaluate sin 150° cos(—240)" + cos 2 130° cot 240°.

I
b |

o] (]

(o] (2]

) (IURES First Term | Trigonometry
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Mathes [

Related angles

First: Complete each of the following:

(1) confl8ifs = e (2] ] B - = e
(3) csc (360° = 0) = oo (4) sin (360° + 0 )= oo
@ sin(90°+0)y= . @ cot(90°-0) = .

(7) sec (270° + Q) = oo 08 (270° = 0) = oo

Second: Complete each of the following with a measure of an acute angle

@ §ih25" =¢og ° cos67°=sin o °
@ tan42° =cot ... 2 @ oo ol I e T 3

@ If cotan 20 = tan6 where 0°<6< 90° thenm (/ @) = oo

If sin 560 = cos 46 where 0 is a positive acute angle ,then @ = . °
@ If sec @ =sec (90° - 0), thencot@= .

If tan 20 = cot 30 where 6 € 10, %[, thenm (/ Q= oo ol

@ If cos 6 = sin 20 where 0 is a positive acute angle, then sin 30 = ...

First Term | Trigonometry
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Mather hica

Third: Multiple choice:

If tan (180° + 0) = 1 where 0 is the measure of the smallest positive angle , then measure

of O equals
(&) 45° (B) 30° (©) 60° (D) 135°
If cos 20 = sin® where O € 10, %[ thencos20Bequals ..
(A) L (B) 1 (c) Y3 (D) 1
f e 2 | S 2 e
If sin & = cos ﬁ where ¢ and ﬁ are two acute angles, then tan (& + ﬁ) CHUALE oonne s
(A) L (B) 1 (©) /3 (D) undefined
73
@ If sin 20 = cos 40 where 0 is a positive acute angle, then tan (90° - 3@) equals_.....__..
(A) -1 (B) L (c)1 (0) /3
A 2= C) D
@ If cos(90° + 0) = % where 0 is the measure of the smallest positive angle , then measure
of angle O €qUALS .o
(A) 150° (B) 210° (©) 240° (D) 330°

Fourth: Answer the following question:

@ Find one of the values of @ where 0< 0 < 90° which satisfies each of the following:
(A) SINBO + 159 =08 (20 = 5°) e
(B) sec (0+25) =csc (O+ 15 oo
(C) tan(@ + 20°) = cot B3O+ 30%) o
(D) cos 820" _ gjy, O +40°

COS———— ZBHILTT7
2 2

Find the value of each of the following:

LAJ sin 150° 'KB] csc 225° |fCJ sec300° (Pj tan 780°
r:E_,‘: cse ”Tﬁ (F) sin ZX [rH\ Biff, = (1) cos %

- @m,_s First Term | Trigonometry
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@ If the terminal side of the angle & drawn in the standard position intersects the unit circle

at the point B (- %, %), then find:

(A) sin(180° + 6) (B) cos (%— 0)
[_CJ tan (3600— 9) [‘Dj cse (374’3 - 9)

Discover the error: All the following answers are correct except one wrong. What 1s 1t?:

1- cos 0 equals

(A) sin (0 - 270%) (B) sin (270°-0) (€) cos 360°-0) (D) cos (360 °+ 0)

2- sin O equals

(A) cos (% -0) (B) sin (7 - 6) (€) cos (3773+ 6 (D) Sill(%+ 0)

3- tan O equals

(A) cot (90°-0) (B) cot (270°-0) (C) tan(270°-0) (D) tan (180 °+ O)

First Term | Trigonometry
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Lesson (5) [ Graphing trigonometric functions ]

> Related Links >

-

+ Graph the sine function , and deduce its properties.

+ Graph the cosine function, and deduce its properties.

\_

~N

i et

[y:sinx ]

/ N

0.6 / \

-30 30 &0 50 120 150 lé\ 210
i

240 270 200 330 /60

First Term | Trigonometry
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=

o _[y:cosx]

..08E3

1.08E:

First Term | Trigonometry
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Mathematical Departr
[ Example © J

Graph the functiony =5 sin 3 x , where 0° < x < 120°

Solution
0T <x <120° ~0°<3x <360°
@ We start to fill second row with angles: 0°, 30°, 60°, 90", 120", ...., 360°
@ We fill first row with angles :0°,10°,20°,30°,40°, ...... , 120°

® We fill in the third row by the values of the sine of the angles in 2" row:

X 0
3 X 0 30 60 90 120 150 180 210 240 270 300 330 360
Sedbes 0 05 087 1 08 05 O -05 -087 -1 -087 -05 O
Sl 0 25 435 5 435 25 0 -25 435 -5 -435 -25 O
¥ ) . S =} ] " , { y:55in3x]

-10 io 20 30 40 50

First Term | Trigonometry
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Mathematical Depari

Remark In the form of:

asinbx&acosbx ,thentherangeis:[-a,a] & Itsperiodic = ? = ZT”
feampce]

Complete each of the following:

(1) If f(x)=cos5 x, then the range of the functionis ............ [1,1]
(2) If f(x) =4sin x, then the range of the functionis ............... [—4, 4]

(3) The function f: f (x) =cos 2 x is a periodic function and its period is ...
Periodic = 2> = 180°

(4) The function f: f (x) =5 cos 3 x is a periodic function and its period is....

Periodic = % = 120°

5) Ifxe[0,m],then: ... < sin X< ... 0<sinx<l

(6) Ifx € [0,2m], then: ... SCOSX < s -1 <cosx <1

(7)Ifcos2x e [—1,1],thencosd x€E...... e ] [-1, 1]

(8) If the functiony = asin b x whereaand b € R, is periodic and its period
is720°and itsrange [-3,3] ,thena= ... o=

~ Its range = [—3, 3] ~a=3

~ Its period = 720° ? =720° ~ b= % = %

First Term | Trigonometry
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Q1: Assign each plot shown in the graph below to the function it represents.

the red plot: cosine, the blue plot: sine

@ the red plot: sine, the blue plot: cosine m l/m m m /

the red plot: cosine, the blue plot: tangent | 4 = A . y ¢ 54 e
P / T 3 T 3

@ the red plot: tangent, the blue plot: cosine BU \3(4/ W \7></ W

the red plot: tangent, the blue plot: sine

Q2: TFind the range and period of the function f(8) = 1—; sin46 by drawing the function between 0 and 27.

' 14 ) Ir
@ range= [0, 5 :|,pcr10d_ E,

. s
@ range= [-1,1], period= =

14 14 ;
@ range= [_?, ?],pcrlod: 2

@ range= =1 1—4] period= =
= 5° 5 {° 2
Q3: Find the range of the function f(8) = 8sin78.

[-7.7]
(8] [0.1]
[0.8]
(D] [-8.5]
[-1,1]

Q4: Find the maximum value of the function f(8) = 11sin8.

S s First Term | Trigonometry
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Q5: Which function is represented on the graph?

y=2sinx ry
[E] y=sinx | . . . )

Y =CosXx | | | 1 |
/\ J;

=2 3 oo T

2 2

A

Q6: Which function is represented on the graph?

Y =C08X
@ y=2s8inx ' ' ' —

y =sinx ' /‘\ ' /‘\ '
| —2r 3% —;r/:r_r _\r/ﬁ ko o
| BN 8 2 | |

First Term | Trigonometry
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4 - 5 | Graphing trigonometric functions

First: complete each of the following:

@ The range of the function f where f(0) =sinf@is

@ The range of the function fwhere f(0) =2sinQis . .

@ The maximum value of the function f where f(0)=4sinfis .

@ The minimum value of the function f where f(6) =3cosO is .

Second: write the rule for each trigonometric function beside the corresponding

figure to it.

F 3 ,,“
_ i . -l [ -
AP 3 INF A i { Ar A ™ PT :H"'?'j’r N = Er‘g-, A
k ¥y - ﬁ' 3" “¥ 7 El
Figure (1) the rule is: Figure (2) the rule is:

Third: Answer the following questions:
@ Find the maximum and minimum values, then calculate the range of each o the following

functions :
(A)y =sind

@,&%’@L First Term | Trigonometry
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Mathematical Depart

Trigonometric functions of an acute
[ Lesson (6) ] angle

REMEMBER THAT:

: h
osmH:% ocscezﬁ
; hyp

d h opD.
®CcosO =" esec="2L PP

hyp adj

3]
4

e tan 9 = 2P o coto =" ad.

adj opp

feempco]

A ABC is a right-angled triangle at A where AB=9cm., AC =12 cm.
Find the measure of each of zBand 2 C

Solution

In A ABC.:
~m (¢« A) =90°
~BC=v122 + 92 =15cm
_12 ) — cin112 _ £ao0 71 gau
.smB—15 ~m (£ B)=sin = 53° 7' 48
v tan C = — »m(2C)=tan™ 2 = 38° 39" 35"

12 15

feamoce]

If3¢csc0-5=0, where 0°<0<90°, find the value of : sec 0 —tan 0

Solution
+3cesc0-5=0
Hypotenuse 5
s csc 0= g 3
|  Opposite |
0
1
— 2 V54 -3¢ =4

First Term | Trigonometry
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Mathematical Depart
| EEERCN |

A ABC is a triangle in which:

AB=AC = 10cm., AC =12 cm. AD is drawn L BC to cut it at D

O Find the value of: sin B + cos C

® Find the value of: tan (« CAD)

® Show that: sin C + cos C > 1, then find the value of: sin® C + cos® C and
deduce that: sin® C + cos® < sin C + cos C

Solution
.+ AD L BC A
~AD=v102 —62 = 8cm
: 10 cm 10
o...SInBzizé & COSCZE:E cm
~sinB+cosC=2+4+32="1 L e
5 5 5 c 11 D H B
® In A ACD Bem = &cm
n :
~tan (z CAD):gzE
@':sinC:%=§ & cosC=—=-=
nsinC+cosC==+2=2=16
5 5 5

~sinC+cosC>1

=~ sin’ C +cos’* C = G)Z + (%)2 =1

-~ sin’ C + cos® < sin C + cos C

First Term | Trigonometry
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7

Lesson (6) [ Finding the measure of an angle ]

Lesson objectives

> Related Links >

[*- Find the measure of an angle given a trigonometric function. ]

First Second Third Fourth
A A A A
¥+ L[\
(—A-»Jr (Jl_ > ¢« —> <P
B VAs N~
Y Y Y \J

| EEERN |

If: sin C = — , where 90° < C < 180° , find the other trigonometric functions

of angle C
_ 90°
Solution A
1 Opposite 17
sinC=— 1500 8 0°
| Hypotenuse | 15 C 3%{]“
« C lies on 2" quadrant v
270°
. 8 15 8
sin C = — cosC=—— tanC=—-——
17 17 15
17 17 15
csc C = — secC=—— cotC=——
8 15 8

First Term | Trigonometry
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Mathematical Departm
[ Example © J

If £« ais the greatest positive angle where:
25sina=7and 5tanb —12 = 0, where b € ]180°, 270°[, Find m (£ c) if:

tan ¢ = sin (180° — a) cos (90° — b) —% cos (—a) sin (270° — b)

Solution
w25sina=7 sina:% 7
PR st nd 25

~aliesin 17 or 27 quadrant. 180° 2 0°
»+ £ ais the greatest positive angle “p 00
~ a lies in 2" quadrant. 2700
~5tanb —-12 =0 ~tanb = 1—52 gfn
« b lies in 2" or 4™ quadrant. A

180° ¢ - >
b €]180°, 270°[ |/ 00
~ b lies in 3" quadrant. \

270°

~ tan ¢ =sin (180° —a) cos (90° —b) - % cos (—a) sin (270° —b)
~tanc=sina xsin b—%x cos a X (— cos b)

. . 1
.-.tanc:smaxsmb+g><cosa><cosb

7 -12 1 —-24 —5 —64—
= Ix 2 4-oxEx2
25 13 "6 25 13 325
—-64 . .
stanc= = ~ ¢ lies in 2" or 4™ quadrant.
—_ 64 o) 4 144
Lettan O = o ~0=11° 8 25

~ cin 2" quadrant = 180° — 6 = 168° 51’ 35"
». ciin 4" quadrant = 360° — 6 = 348° 51’ 35"

First Term | Trigonometry
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PRACTICE (1)

Q1: Find csc @ given tan 6 = % and cos8 < 0.
==
[A) -5
= =
Bl
25
2
e
(] 2

Q2: Find the value of cos (180° — &) given sing = —% where 270° < 8 < 360°.

ok

15
; 15 &8 15 17 17
sing = —ﬁ,cosﬂ = ﬁ,lanﬁ' o= ﬁ,cscé = E,scce =

; 15 8 15 17 : i
sing = E,cose = ﬁ,tanE’ = —?,csce = —E,sccﬁ‘ ==

15 s 15 17 17
sinf = ——D,cose =g ——D,cscﬁ' = _——.50c0 =—

8 3T
Q3: Find all the trigonometric ratios of @ given cot® = —— where 8 € ]é 2@[.

17 17 o] 15 8
[F] sinf = —%,cosﬁ — —1—8?, tant = lff,cscﬂ e —%,scc@ = 17:

4@1@%&'{1&{ First Term | Trigonometry
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Q4: Given that cot(8) = —% ,Where g < 8 < &, evaluate sec? (8) without using a calculator.
E
g

2=
oo

13
B e

9
-

2

Q5: Given that esc8 = —% and tan @ > 0,find cos&.

[

=1] &

i
Lok

B0 EE
| SR [ B |
I3
Lok

PRACTICE (2)

Q1: Find the value of & that satisfies cse 8 — \I'E =0 where 8 € ]D, g[

Q2: Find the set of values satisfying V3cot6 =1 given 0° < 0 < 360°.

B £300°, 240°}
@ £120°, 300°}
(c] 160,300
(D] 160°,240°)

First Term | Trigonometry
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Q3: Find 6 in degrees given sec (180° + 8) = = where € is the smallest positive angle.

; Vi ; 1
Q4: Find the set of values satisfying sin 6 cot8 = —= where 0° < 6 < 90°.

[E £30°, 330°}
@ %)
@ £30°, 180°}

(D] {180°,1357

Q5: Find the value of @ that satisfies secf — 2 = 0 where 8 £ }{}, g [

24/3
Qe: Find the value of & that satisfies sec 8 — \Tf'_ = (0 where € € ]O, g[

1/3

7: Find the value of 8 that satisfies csc 8 — T = (0 where 8 € ]0, g [

Q3: Find the set of values satisfying cot& = —1 given 0° < € < 360°.

E‘ {135°, 225°}
(3] f225°,3157
E‘ £45°,225%
E_‘ £135°, 315"}

o 3 : s
Q9: Find € in degrees given sin (180" +8) = —g where O is the smallest positive angle.

) (S First Term | Trigonometry
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Mathematica

i

Finding the measure of an angle _»
given the value of one of its 4 - ‘é“
trigonometric ratios

First : Multiple choice:?
@ If sin 6 = 0.4325 where O is a positive acute angle, then m (/ 0) equals
(A) 25.626° (B) 64.347° (c) 32.388° (D) 46.316°

@ If tan 0 = 1.8 and 90° < 6 < 360°, then m (/ 0) equals
(A) 60.945° (B) 119.055° (€) 240.945° (D) 299.055°

Second : Answer the following questions:
@ If the terminal side of angle @ in the standard position intersects the unit circle at point

B, then find each of sin 6 and cos 6 in the following cases:

Q) RED B)B(. <L ©B(&, L

@ If the terminal side of angle @ in the standard position intersects the unit circle at point B

then find each of sec 0 and csc 0 in the following cases:

o V2 42 s

Ayp (= e (B) B(-L, -2 c)Bc2 12
A)JB - -5 B(—=. CoB-3,-1

@ If the terminal side of angle @ in the standard position intersects the unit circle at point

B, then find each of tan 8 and cot 6 in the following cases::

(A)BL,- 2 BB, ©B(4.-3
V0 Y10 R h 575

- @, RO First Term | Trigonometry
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@ If the terminal side of angle 6 in the standard position intersects the unit circle at point B,

then find m(/ 6) where 0° < 6 < 360° when:

~/'_1 B 11 c
A)B ®sc =2 IR YENE

@ Use the degree measure to find the smallest positive angle which satisfies each of the

following:
(A)sin! 0.6 (B) cost0.436 (C) tant 14552
(D)sec! (- 2.2364) (E) cot! 3.6218 (F) ese (41.6004)

@ If0° < O <360°, then find the measure of angle 6 in each of the following:
(A) sin'! (0.2356) (B) cos (- 0.642) (Ctan! (- 2.1456)

®Ifsi119:%and90° < 0 <180°.

(A) Calculate the measure of angle 0 to the nearest second ..
(B) Find the value of cos @ . tan® and secH .

Ladder: A ladder of length 5 metres rests on a wall , if the sm

height of the ladder from the ground is 3 metres. Find in radian

the measure of the angle of inclination of the ladder to the e .

horizontal.

- ‘@ﬂ;ﬁ%@ First Term | Trigonometry
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Unit Test

Answer the following question and approximate the result to the nearest hundredth:
@ Convert the following angles from degree to radian measure:

(A)120° (B)eas® . (€)220° 36" ..

@ 0 is a central angle in a circle of radius length r and subtends an arc length L:

LrAj Ifr=8cmand ©O=12% thenfindL.
(BJIf L =26cmand r= 18 cm, then find O in degree measure. ...

@ Without using the calculator find the value of each of the following:
[A tan 120° [B_' sin (—) (€) cos 330° lD, cot (- 300°) (E)J csc (-2

@ Find all the trigonometric function of angle 6 drawn in the standard position and its

terminal side intersects the unit circle in each of the fo]lowing points

(A) (4 3 (B) (5 -12 c) D —f z
et OFc R ©.2 LIS
@ [_Aj Prove that:

First: sin 60 = 2 sin 30° cos 30° . second: cos 300° = 2 sin? 60° -1

(B) Ifcos O =- % where 90° < @ < 180°, then find the value of each of the following:
First: sin (180°- 6) Second: tan (6 -180°)

- @m,_s First Term | Trigonometry
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Futures Language Schools A

® Find the degree measure in the interval 0°< 6 < 360° for each of the following:

. -\ 3 o
() fan 1 ) sin (-3) (€] cos™ ( g) (D) tan''(- v3)

P -\

A ramp length 1s 24 metres and its height from the ground is 9 metres. Write a
trigonometric function you can use to find the measure of the angle of inclination of the

ramp on the horizontal ground, then find its measure.

First Term | Trigonometry
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